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Since its discovery at the large hadron collider (LHC) in 2012, the Higgs boson and its
properties are under intense investigation from both theorists and experimentalists. As the
only scalar particle in the Standard Model (SM), the Higgs is believed to be closely related
to the nature of electroweak symmetry breaking and the mass generation of fundamental
massive particles. Respectively, they manifest as the couplings between the Higgs to the
massive bosons (gauge couplings) and the Higgs to the massive fermions (Yukawa couplings).
Thus, measurements of the Higgs sector properties are highly motivated either to confirm
our current theory, the standard model, or to reveal possible new theories.
With the ongoing effort at the LHC, the Higgs is studied through various production
and decay channels. However at a hadron collider, the large background and the ignorance
of the partonic center of mass energy make testing many parameters of the Higgs sector
challenging. For this dissertation I studied Higgs processes at a lepton collider, explored
mass determination abilities for certain processes at a lepton collider and also studied the
challenging Higgs decay to light jets at the LHC. These studies suggest new observables to
improve our sensitivity to the Higgs sector and to constrain possible new physics deviations.
In order, I present in Chapter 1 an introduction of the Standard Model Higgs and its
detection at colliders. Chapter 2 details the study on Higgs production through the ZZ fusion
process at the lepton collider and the measurement of the inclusive rate. Our study improves
the prospecting sensitivities on the standard model couplings, and puts further constraints
on dimension-6 effective operators which are generic in quantifying beyond standard model
(BSM) deviations. Chapter 3 describes the Higgs to light jets decays through the boosted V h
iii
associated production at the LHC. Extrapolation of sensitivities on small Yukawa couplings
at the hadron collider are discussed and achieved. Chapter 4 presents another study on linear
collider, further exploring its many advantages on kinematic reconstruction and precision
measurement.
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1.0 INTRODUCTION
This chapter serves as an introduction to the necessary concepts, and a motivation to
my study on the Higgs measurement. It begins with a description of the current Standard
Model (SM) of particle physics, a short recount of its coming into being. Then it details the
Higgs mechanism part of the theory, giving a brief derivation of the relation between the
Higgs couplings to the massive particles and their masses. It proceeds with a description of
the Higgs production, decay and the Higgs detection at both hadron and lepton colliders.
Lastly it comments on the current status of experimental measurements.
1.1 A RECOUNT OF THE STANDARD MODEL
Current formulation of the SM was theoretically completed around the 1970s, with the
work of many. It summarizes the three out of four fundamental interactions that we currently
know of in the nature. Besides gravity, which is described so far by Einstein’s general
relativity, and is not yet unified with the rest into one quantum field theory respecting
unitarity, there are the electromagnetic, weak and strong interactions described in the current
framework of the SM. This section recounts the modern history of the SM, which evolved
along our understanding of the three interactions. The author realizes that it is difficult to
be inclusive in giving credits to all that have contributed, and will focus more on providing
the structurally necessary steps that eventually lead to the SM theory.
1
1.1.1 Quantum Electrodynamics
The first established piece of a modern quantum field theory was from the upgrade of
classical electrodynamics to quantum electrodynamics (QED), first attempted in the 1920s
by P.A.M. Dirac [1], Enrico Fermi and others, and eventually took its modern form in the
late 1940s-1950s. During the process, Bethe’s calculation in 1947 on the hyperfine splitting
of the hydrogen atom ground state [2] extracted out finite corrections using QED and showed
agreement with the experimental measurements of the lamb shift [3]. This instilled confidence
in the theory and inspired the renormalization procedure. Later, by writing the fields into
Lorentz covariant forms and realizing the idea of renormalization, the modern formalism of
QED is established by the work of Tomonaga [4], Schwinger [5], Feynman [6, 7, 8] and Dyson
[9, 10] in the late 1940s.
QED is a relativistic quantum field theory of charged fermions, photons and the in-
teractions between. Mathematically it is an abelian gauge theory respecting the U(1)EM
symmetry, which corresponds to the same gauge symmetry as in Maxwell’s classical electro-
magnetism. In QED, photon is the quanta of the quantized gauge (electromagnetic) field,
and charged fermions are the quanta of the Dirac/matter fields. As QED is the first rela-
tivistic quantum field theory, it serves as the template to later developments including the
SM. Here I am to write down the Lagrangian of the QED in its modern form, and introduce
some useful terminologies and symbols. The QED Lagrangian reads,
LQED = ψ(iγµDµ −m)ψ − 1
4
FµνF
µν . (1.1)
The spacetime index µ, ν (greek letters) run from 0 to 3 and Einstein’s summation convention
is assumed. ψ is the 4-component Dirac spinor field which represents spin-1
2
electron-position
fields. The adjoint field is defined as ψ ≡ ψ†γ0. γµ are Dirac matrices1. The covariant
derivative is defined as Dµ ≡ ∂µ + ieAµ. e is the coupling strength or the electric charge
magnitude of the ψ field. Aµ is a covariant vector field, or the gauge field. Lastly, the
1A detailed definition and useful identities of Dirac spinors and Dirac matrices using the same convention
can be found in Chapter 2, section 10.2-10.3 of M. Schwartz’s quantum field theory textbook [11].
2
electromagnetic field tensor can be written as Fµν ≡ ∂µAν − ∂νAµ. Under a U(1) gauge
transformation with an arbitrary α(x), the covariant operators and fields transform as:
ψ → eiα(x)ψ, Aµ(x)→ Aµ(x)− 1
e
∂µα(x). (1.2)
It can be checked that the QED Lagrangian is Lorentz invariant and U(1) invariant, or
manifestly a relativistic U(1) gauge theory.
1.1.2 Quantum Chromodynamics
Strong interaction was long postulated in order to explain the existence of atomic nucleus,
being the stable bound states of electrically charged protons that should fly apart under only
electromagnetic interactions. Yet due to the energy scale that was simply experimentally
unavailable then, it wasn’t until the 1950s that further insights shone into the strong inter-
action inside the nucleus. By then the invention of bubble chambers and spark chambers
started to reveal a plethora of particles called the “hadrons”. The hadrons were classified by
their electromagnetic charges, and some other quantum numbers such as the isospin (used by
Eugene Wigner and Werner Heisenberg) and strangeness (proposed by Murray Gell-Mann
and Kazuhiko Nishijima). In the 60s, they were further sorted by their quantum numbers
and masses with the eightfold way by Gell-Mann [12] and Yuval Ne’eman [13]. The eight-
fold way directly inspired the proposals of quark model in 1963 by Gell-Mann and George
Zweig [14], both suggested that the hadrons can be made of smaller constituents, or three
flavors of quarks up, down and strange (known at the time). In order to resolve the issue of
existing hadrons as bound states of quarks in the same state, which seemingly violates Pauli
exclusion principle, soon in 1965, Moo-Young Han with Yoichiro Nambu [15] and Oscar W.
Greenberg [16] proposed that quarks possess an additional SU(3) gauge degree of freedom,
or an additional quantum number, later called the color charge. As pointed out by James
Bjorken [17], the cross section measurements from deep inelastic scattering experiment at
SLAC implied as well the existence of point-like substructures inside nucleus.
With the foundational work on general non-abelian gauge theory laid out by Chen Ning
Yang and Robert Mills in 1954 [18], and the unified electroweak theory in the late 1960s (to
3
be discussed later), the quark model later was formulated as well into a gauge field theory
of colored quarks and color octet gluons, now called Quantum Chromodynamics (QCD). It
was mostly attributed to the work of Harald Fritzsch, Heinrich Leutwyler, and Gell-Mann
[19] in 1973. During the same year, the asymptotic behavior of QCD was discovered by
David Politzer [20], David Gross and Frank Wilczek[21], meaning that the strong interaction
gets weaker as the distance between particles gets smaller. It further validates the predictive
power of perturbative QCD calculation in short distances or high energy region where the
quarks and gluons inside the colliding nuclei can be seen as free. The other end of asymptotic
behavior is called confinement, meaning that the strong interaction coupling strength grows
with the distance. It explains the fact that we do not observe in nature free colored object.
QCD is a non-abelian gauge theory respecting SU(3)color gauge symmetry. The addi-
tional quantum number carried by quarks was called ”color”. The eight gauge fields of a
SU(3) group are called gluons. The colored quarks in each flavor form the fundamental
representation of the group, with their strong interaction mediated by the gluon fields. The
non-abelian nature of the SU(3) gauge theory gives rise to interactions among the gauge
fields, which is not present in an abelian theory such as QED. The Lagrangian of the theory
reads,
LQCD = ψi(i(γµDµ)ij −mδij)ψj −
1
4
GaµνG
µν
a . (1.3)
Here the latin alphabet i, j are the color indices running from 1 to 3. Dµ ≡ ∂µ + igAaµλa/2.
g is the strong coupling strength. Aaµ are the gluon fields with ‘a’ denoting from 1 to 8. λ
a
are the eight Gell-Mann matrices 2. The gluon field strength tensor can be written as,
Gaµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν . (1.4)
The fabc are the structure constants of SU(3) gauge group. It is clear to see that in the QCD
Lagrangian, there are self interacting terms among the gauge fields such as ∂µA
a
νA
b
µA
c
ν etc,
which are not present in the abelian theory of QED.
2A definition of the Gell-Mann matrices as a set of 3 × 3 matrices can be again found on Page 485 of
Schwartz’s books here [11].
4
1.1.3 Electroweak Theory
The weak interaction made its early appearance as radioactivity which was discovered
in 1896 by Henri Becquerel in uranium. Categorizing by the different radioactive emissions,
there are alpha, beta and gamma rays, which were known later as energetic Helium nucleus
4He2+2 , electron and photon beams respectively. Continuous electron spectra from beta decay
was measured by James Chadwick in 1916 and further confirmed by Charles Drummond Ellis
and Nevill Mott in the 1920s, and puzzles rose since the results seemed to violate energy
and angular momentum conservation. Wolfgang Pauli suggested in 1930 that a new light
neutral particle was produced along with the electron, but evade the detection. Enrico Fermi
further named the missing particle as “neutrino” and proposed the theory for beta decay in
1933 [22], which became the first model for the weak interaction. Fermi’s theory postulate
a contact interaction of four fermions, as two pairs of vector currents. The parity-violating
axial current contact interaction case was formulated by George Gamow and Edward Teller
in 1936 [23]. Much later, the possible existence of parity-violation in weak interaction and
ways of detection were suggested in 1956 by T. D. Lee and C. N. Yang [24]. The experimental
confirmation came right afterwards in 1957, done by Chien-Shiung Wu’s group on beta decay
from 60Co nuclei [25]. Soon the correct tensor structure of weak interaction in beta decay
was figured out to be vector minus axial vector (V − A) by the work of George Sudarshan,
Robert Marshak [27] and Richard Feynman, Murray Gell-Mann in 1958 [26]. It was only
part of the weak interactions, later known as the charged-current interaction.
At this point, the weak interaction was still governed by a theory of four-fermion contact
interaction with the Fermi coupling constant GF as the coupling strength. According to
this theory, the rate of fermion scattering through the weak interaction would grow with
the center of mass energy and eventually violate unitarity. It thus became natural to seek
to reformulate the weak interaction into a gauge theory, following the successful example
of QED. One major difficulty then was that the gauge mediators for weak interaction must
be massive, with scales at around 100 GeV, as indicated by the Fermi coupling constant.
However, simple mass terms of gauge bosons are forbidden by gauge symmetry. While the
mass generation mechanism for the weak gauge bosons remained a puzzle, a proposal by S. L.
5
Glashow in 1961 unified electromagnetism and weak interactions correctly into a triplet plus
a singlet (corresponding later to the gauge bosons of the SU(2)L×U(1)Y group) interaction
using “partial (gauge) symmetry” argument [28], and suggested an additional neutral vector
boson, later known as the Z boson.
The conundrum of massive gauge bosons are eventually solved by a set of 1964 PRL
symmetry breaking papers by Robert Brout, Franc¸ois Englert [29], Peter Higgs [30], Gerald
Guralnik, C. Richard Hagen and Tom Kibble [31]. Those papers proposed the Higgs mech-
anism that offers a way to generate gauge boson mass terms while keeping the Lagrangian
gauge invariant. Eventually in 1967, Steven Weinberg [32] and Abdus Salam applied the
Higgs mechanism to Glashow’s unified electroweak theory and formed the central piece of
the Standard Model as we know today.
1.2 THE HIGGS SECTOR IN THE STANDARD MODEL
After the brief history on quantum field theory of the SM, we are in this section putting
the ingredients together, while focusing on the theme of this thesis, the Higgs sector of the
model. In the last section, the Lagrangian for the QED and QCD part of the theory are
shown. Adding the Higgs sector and the unified electroweak interaction, the SM Lagrangian
in its modern form consists of the following pieces,
LSM = Lgauge + Lfermions + LHiggs + LYukawa. (1.5)
The central piece is the only fundamental scalar in the theory, the Higgs field, which gives
rise to the mass terms of all other massive elementary particles in the theory.
The Higgs mechanism works as follows. The Higgs field part of the Lagrangian reads,
LHiggs = (DµΦ)†DµΦ + µ2Φ†Φ− λ(Φ†Φ)2. (1.6)
The complex scalar field can be written as a SU(2)L doublet,
Φ =
 φ+
v+H+iφZ√
2
 . (1.7)
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It contains an expectation value v that rises from its potential and will be explained later.
Dµ here is the covariant derivative under the SU(2)L × U(1)Y symmetry group,
Dµ = ∂µ − ig
2
W aµσ
a + ig′BµY
= ∂µ − i g√
2
(W+µ σ
+ +W−µ σ
−)− ieAµQ− i g
cos θW
Zµ(T3 − sin2 θWQ).
(1.8)
Here σ± = (σ1 ± iσ2)/2, with σi being the three Pauli matrices. The W aµ and Bµ fields are
the gauge fields of the SU(2)L and U(1)Y symmetry groups respectively, with g and g
′ as
their coupling strength to the scalar field. Y is the U(1) charge of the scalar field Φ and it
equals to 1/2 in our convention. The W±, Z and A are the charged and neutral weak gauge
bosons and the electromagnetic gauge boson (or photon) where
W±µ =
1√
2
(W 1µ ∓ iW 2µ),
Zµ
Aµ
 =
cos θW − sin θW
sin θW cos θW
W 3µ
Bµ
 . (1.9)
They become the physical gauge fields after the former three acquire masses from the sym-
metry breaking Higgs mechanism. Q represent the electromagnetic charges of the scalar field
components and follow the relation Q = T3 + Y . T3 are eigenvalues of the scalar field under
σ3, and they equal to 1/2 and -1/2 for the upper and lower components of Φ. θW is called
the Weinberg (weak) angel, which as defined above is the mixing angle to rotate from the
unbroken basis {W 3µ , Bµ} to the physical fields {Zµ, Aµ}. The coupling strength are related
as
e = g sin θW = g
′ cos θW . (1.10)
The µ in the positive quadratic term µ2Φ†Φ sets an explicit mass scale in the theory.
Together with the self coupling term −λ(Φ†Φ)2, it shifts the vacuum expectation value
(VEV) of the scalar field to a non-zero number v = µ√
λ
, which spontaneously breaks the
SU(2)L × U(1)Y gauge down to U(1)EM . H here is the real physical Higgs field as a small
perturbation around the VEV. As seen above, through the kinematic term of the scalar
(DµΦ)
†DµΦ, the vector bosons W+,W− and Z achieve their masses and couplings to the
physical Higgs boson as the following,
MW =
gv
2
, gWWH =
g2v
2
; MZ =
gv
2 cos θW
, gZZH =
g2v
4 cos2 θW
. (1.11)
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The fermion masses come from their Yukawa couplings with the Higgs which read,
LYukawa = −Y` L Φ `R − Yd Q Φ dR − Yu Q Φ˜ uR + h.c.
⊃ −Y`v +H√
2
ψ`ψ` − Yq
v +H√
2
ψqψq.
(1.12)
In the expressions above, the leptons and the Higgs fields are first expressed in terms of their
SU(2)L doublets {L, Q, Φ} and singlets {`R, dR , uR}, where
L =
ν`
L`
 , Q =
U
D
 (1.13)
for the leptons are quarks respectively. The summation over flavors are implicitly assumed.
Φ˜ = iτ2Φ
∗. The Yi are the Yukawa coupling strength for each flavor. In the second line
we retain only the terms in the scalar field involving the VEV and the physical Higgs field
as v+H√
2
, and the fermions as Dirac spinors for each flavor. The terms corresponding to the
fermion masses and their couplings to the Higgs can be explicitly read off as,
mf =
yfv√
2
, gff¯H =
yf√
2
. (1.14)
The remaining massless particles in the standard model are two gauge bosons: the gluon
that is not coupled to the scalar field, and the photon which remains unbroken by the VEV,
and the neutrinos. They don’t directly couple to the VEV. The photon and the gluon are
nevertheless coupled to the Higgs through higher order corrections. In terms of Feynman
diagrams, all the vertices between the Higgs and other SM particles are shown in Fig.1.
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Figure 1: Vertices between the Higgs and other SM particles at lowest order in the SM.
1.3 HIGGS PROPERTIES AT COLLIDERS
The 125 GeV Higgs boson discovered at the LHC completes the roster of particles pre-
dicted by the Standard Model (SM). High-energy experiments now continue their search
for physics beyond the Standard Model in light of this new era. A major new avenue for
pursuing this search is the detailed study of the Higgs itself. While the mass of the Higgs
boson is a free parameter in the SM, its couplings to other particles are dictated by the gauge
and Yukawa interactions. The observations of this particle are so far consistent with the SM
expectations, but there is considerable room for new physics to reveal itself in deviations of
the Higgs properties from the SM. There are also many theoretical scenarios in which such
deviations would arise at a potentially detectable level. A precise measurement of the Higgs
couplings is a key tool in establishing a departure from the SM, and in characterizing any
sign of new physics which may be discovered.
In the last section, we derived the particle masses and their tree level couplings to the
Higgs from the SM Lagrangian. We now discuss the decay and production of the Higgs
particle at colliders and the observables we measure. Given a 125 GeV Higgs, the mass
spectra of other particles and their couplings, we can calculate the decay spectrum of the
Higgs. The total decay width and the important decay channels with their corresponding
9
Figure 2: Main Higgs production mechanisms at the LHC.
branching ratios (BR) are quoted below from Ref. [137]:
Γtot = 4.08(8) MeV,
BR(h→ bb¯) = 58.2%, BR(h→ cc¯) = 2.89%, BR(h→ uu¯, dd¯, ss¯) < 0.03%,
BR(h→ τ+τ−) = 6.27%, BR(h→ µ+µ−) = 0.02%,
BR(h→ gg) = 8.18%, BR(h→ γγ) = 0.23%, BR(h→ Zγ) < 0.15%,
BR(h→ WW ∗) = 21.4%, BR(h→ ZZ∗) = 2.62%.
(1.15)
As shown above, more than half the time the Higgs decays to a bb¯ pair. Next up is the WW ∗
channel where the W boson further decays leptonically or hadronically.
At the LHC, the Higgs are produced through four dominant mechanisms. They are,
ordered by decreasing total signal rates, the gluon-gluon fusion (ggF), the vector boson fusion
(VBF), the associated production with vector boson (VH) and the associated production with
quark pairs (bb¯H, tt¯H). The Feynman diagrams are presented in Fig. 2. The signal of Higgs
production is reconstructed through the invariant mass peak of its decay final states. Given
a narrow width approximation (NWA), we can thus write down the schematic cross section
of the Higgs signal at the LHC as [48]
σi→H→f ∝
g2i g
2
f
ΓH
. (1.16)
The gi,f stands for the Higgs coupling to the SM particle at the production and decay side
respectively. From the expression it’s clear that the on-resonance Higgs cross section mea-
sured this way is degenerate under a simultaneous rescaling of the couplings and the Higgs
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Figure 3: Main Higgs production mechanisms at the ILC.
total width. The measurements are thus insensitive to certain directions in the parameter
space. Because it cannot measure a single coupling independent of the width, it cannot place
strong bounds on the absolute values of couplings, nor on the total width unless additional,
model-dependent, assumptions are made [33, 34, 35, 36, 37, 38]. Interference effects can be
used to bound the width at a few times its SM value [39, 40, 41, 42, 43, 44, 45, 46, 47]. The
other challenge that is intrinsic to hadron colliders is the uncertainty of large QCD-related
backgrounds. Thus the signal of the type where the Higgs decay to quarks or gluons which
further hadronize back to jets, is overwhelmed by the large QCD background and has little
hope to be detected by the LHC. These signals are crucial for testing Yukawa couplings be-
tween the Higgs and quarks, and Higgs to gluon indirect couplings at the decay side. Studies
making use of several production channels[155, 124, 122], boosted kinematics[130, 148] and
jet substructure[144, 145, 146] are proposed to realize the measurements at the LHC.
At a lepton collider such as the proposed International Linear Collider (ILC)[127], the
Future Circular Collider (FCC-ee)[128], or the Electron Position Collider (CEPC)[129] etc.,
the Higgs is produced dominantly by ZH associated production at a center of mass energy
(
√
s) of around 250 GeV. The other important production channels include the WW fusion
and ZZ fusion channels whose production rates rise with the center of mass energy
√
s log-
arithmically. The Feynman diagrams are shown below in Fig. 3. At a lepton collider, since
we have full knowledge of the parton level initial states, the on-resonance Higgs signal can be
reconstructed from the recoil mass peak of its byproduct, in addition to its decay. The recoil
mass reconstruction of the Higgs allows us to measure the Higgs production rate inclusively.
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The inclusive cross section of the Higgs production thus takes the form of
σinc ∝ g2Z . (1.17)
This breaks the degeneracy between the Higgs couplings and its total width in the observable,
which is unavoidable when reconstructing the Higgs resonance peak from its decay. Instead, it
allows a direct determination of the individual coupling strengths, and an accurate extraction
of the Higgs total width in a more model-independent manner. The lepton collider also offers
a relatively QCD-background free environment to help measure the Higgs to light jets decay
precisely. A summary of Higgs studies at linear colliders can be found in this white paper
[127].
1.4 STATUS OF HIGGS MEASUREMENTS
The SM was experimentally established (2012), with the discovery of the Higgs boson at
125 GeV, at the Large Hadron Collider (LHC).
As we know for the Higgs detection at the LHC, γγ and ZZ were the discovery channels
for the Standard Model (SM)-like Higgs boson (h) [117, 118]. Next came the WW decay
channel, all have been measured with more than 5σ significance at Run I by both experiments
ATLAS [119] and CMS [120]. While the ZZ,WW channels are tree-level processes, most
directly related to the electroweak symmetry breaking (EWSB) with the coupling strength
proportional to MW,Z ∼ gv, the Higgs coupling to the top quark is best inferred from its
contribution to the production gg → h and the decay h → γγ with a fitted accuracy of
around 30% [121]. A direct measurement from Higgs and top associated production is yet to
be established [122, 123]. For the lepton side, the challenging decay channel h→ τ+τ− has
also reached 5σ observation with a combined analysis of the two experiments [121]. With
the upgrade of LHC to its higher center of mass energy at Run II and more accumulated
data, the difficult mode h→ bb¯ is expected to reach 5σ soon after several hundreds fb−1 at
14 TeV [124]. Thus, the Higgs couplings to the heaviest generation of fermions will soon be
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settled to the values expected from the Standard Model (SM) prediction at an accuracy of
about 20% [125], and verifying the pattern of non-universal Yukawa couplings.
We next consider the LHC upgrade to a total integrated luminosity of 3000 fb−1 at 14 TeV
(HL-LHC). While the precision measurements of those couplings will continue in the LHC
experiments, it is imperative to seek other “rare decay” channels, in the hope of uncovering
any deviations from the SM. Among the rare channels, it is perhaps most promising to
observe the clean mode gg → h → µ+µ− [126], despite the small decay branching fraction
BR(h → µ+µ−) ∼ 2 × 10−4. A 5σ observation may be conceivable at the end of the run
for HL-LHC with 3000 fb−1 [125], which would be of significant importance to establish the
pattern of the Yukawa couplings by including a second generation fermion. For the other
hadronic channels, it would be extremely challenging to make any measurements at the LHC
due to the overwhelmingly large QCD backgrounds 3
The most promising production mechanism for the hadronic decay signal of the Higgs
boson is
pp→ V h, where V = W±, Z. (1.18)
With W/Z decaying leptonically to serve as effective triggers, the Higgs signal may be de-
tected from the construction of its invariant mass of the hadronic products. To sufficiently
suppress the large QCD backgrounds, it was proposed [130] to look for highly-boosted events
for h → bb¯ against the leptonic W/Z. Studies on these processes at HL-LHC shows a
≈ 20σ (9σ) significance for the signal V h, h→ bb¯, with statistical (systematic added) uncer-
tainty estimated [124]. Marching to the channel involving the second generation quarks, the
sensitivity to V h, h→ cc¯ is significantly worse. Bounds are extrapolated in a recast study in
Ref. [131] to be ∼ 6.5 times the SM value (statistic errors assumed only). This is expected,
given that BR(h → bb¯) is ∼ 20 times larger than BR(h → cc¯), that expected b-tagging is
twice as efficient as c-tagging, and that the dominant background V bb(cc) in the relevant
kinematic region is about the same order. An interesting proposal to search for h→ J/ψ+γ
3As mentioned in the previous section, due to the much cleaner experimental environment, a lepton
collider such as International Linear Collider (ILC) [127] or a circular e+e− collider [128, 129], running at
the Zh threshold or higher energies, will give us much better sensitivity to the hadronic decays of the Higgs.
The expected accuracy on h→ gg and h→ cc will be 7% (2.3%) and 8.3% (3.1%) respectively, with the 250
GeV (1TeV) mission [127].
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[132] does not seem to increase the observability for hcc¯ coupling due to too low an event
rate [133, 134]. Another study on h + c associated production estimates a bound of order
one on the SM charm Yukawa coupling at the end of the HL-LHC run [135]. A recent study
on h→ cc¯γ shows comparable sensitivity on the charm Yukawa coupling [136].
It is natural to ask to what extent one would be able to search for other hadronic decays
of the Higgs boson. As quoted above the updated calculations of the branching fractions
for the 125 GeV Higgs boson decay hadronically in the SM [137], we can see that while the
decay rates to light quarks predicted in the SM would be too small to be observable, the
decay to a pair of gluons, mediated via the heavy top quark, will be nearly three times larger
than the cc¯ channel. The experimental signatures for those channels would be to search for
the un-tagged light jet pairs jj, which form a mass peak near the Higgs boson mass mh.
The lack of a heavy-flavor tag makes background suppression difficult. The event sample
gets “contamination” as well from mis-tagged events of the leading decay h → bb¯ and cc¯.
The individual event samples need to be correlatively quantified and treated. Together with
h→ bb¯ and h→ cc¯ studies, the un-tagged channel puts an independent dimension of bound
in the space of branching ratios of Higgs decays to quarks and gluons. It is also an expected
Higgs signal from the decay side of the resonance that can be looked for and verified by the
end of HL-LHC run. Furthermore, assuming a well measured ggh coupling at the end of
HL-LHC [125], the result puts comparable but independent constraints on the light-quark
Yukawa couplings.
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2.0 HIGGS PRODUCTION THROUGH ZZ FUSION IN E+E− COLLISIONS
One key feature of a lepton collider in making model-independent measurements is the
ability to determine the inclusive Higgs production rate. This is done using processes such
as e−e+ → h + X where X represents additional measurable particles. Since the initial
state, including longitudinal momentum, is well known we can infer the Higgs 4-momentum
without specifying the decay of the Higgs,
ph = pe−e+ − pX . (2.1)
This complete kinematical reconstruction allows us to discriminate the inclusive Higgs on-
shell signal from background and measure the couplings of the relevant production mech-
anism independently of the width. Once this is done, measurements of additional specific
decay channels can be used to determine the total width and the absolute values of other
couplings. In a previous study we discussed this general strategy in detail [48]. Based on
available analyses the model-independent Higgs width Γh can be measured at the level of
δΓh ' 5% relative to the true width. Most of this error derives from the uncertainty on the
inclusive cross section. Thus, any substantial improvement of the total width measurement
depends critically on improving the precision of the inclusive cross section. Currently, the
inclusive cross section sensitivity is estimated for the “Higgsstrahlung” channel e−e+ → Zh.
The cross section for this channel is largest just above the threshold at a center-of-mass
energy
√
s ' 250 GeV, where it can be measured using the Z decay to electrons and muons
with a relative error δσincZh ' 2.6% [49, 50]. At
√
s = 500 GeV the Higgsstrahlung rate is
substantially reduced but using hadronic decays of the Z may allow one to measure the cross
section at δσincZh ' 3% [51].
15
e −
e +
e −
h
e +
Z
Z
Figure 4: Feynman diagram of the ZZ fusion signal process
Further improvements can be made by examining the alternate production mechanism
of ZZ fusion [52, 53]
e−e+ → e−e+Z∗Z∗ → e−e+h, (2.2)
as depicted in Fig. 4, which has often been neglected in the literature. This mode has a small
rate at 250 GeV but grows with energy as ln2(s/M2Z). At 500 GeV it already contributes
roughly twice as much to the final state e−e+h as the Higgsstrahlung process Zh→ e−e+h,
which falls roughly as 1/s2, as can be seen as the dashed curve in Fig. 5. At 1 TeV this ratio
grows to almost a factor of 20. Thus, although the Higgsstrahlung process benefits from a
sharp kinematic on-shell Z peak through the reconstructible final states into which the Z
decays, the ZZ fusion channel, which features two energetic forward/backward electrons,
should also be exploited to make maximal use of the high-energy reach of the ILC.
In this work we perform a fast detector simulation analysis of the inclusive ZZ fusion
channel measurement at 500 GeV and 1 TeV. We simulate the predominant backgrounds
and a SM-like Higgs signal and calculate the signal sensitivity using a cut-based analysis
and multivariate log-likelihood analysis. We find that with the cut-based analysis, we can
reach a sensitivity on the cross section to the 2.9% level. The multivariate analysis further
improves the precision of the cross section measurement to 2.3%.
The rest of the chapter is organized as follows: In Sec. 2.1, we discuss the kinematic
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Figure 5: Total cross section (in fb) for e−e+ → e−e+ + h versus √s.
features for identifying the signal and perform a detailed analyses for the ZZ fusion process
at 500 GeV and 1 TeV energies including backgrounds. In Sec. 2.2 we discuss the effects of
this additional information on the model-independent Higgs width and couplings. We also
illustrate the potential use of these couplings in constraining higher-dimensional operators.
We summarize our results in Sec. 2.3. An appendix is included to address issues relating to
potential signal and backgrounds with a single photon in the final state.
2.1 SENSITIVITY ANALYSIS
We consider the signal process e−e+ → e−e+h via ZZ fusion as in Eq. (2.2). We assume
that the incoming leptons are described by the nominal beam energy moving along the beam
axis in the positive and negative directions respectively. Then the outgoing electrons are each
characterized by a three-dimensional vector and there are six independent degrees of freedom
measured in our final state. We choose the dimensionful variables to be the invariant mass
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Figure 6: Angles θ1, θ2 and φ as defined in the text.
of the final electron-positron pair mee and the recoil mass, given by
m2rec ≡ s− 2
√
sEee +m
2
ee. (2.3)
The recoil mass provides the most distinct signal feature since it displays the resonance
peak at the Higgs mass mh ' 126 GeV observable on top of a continuum background. The
electron-pair mass mee favors a large value mee & 250 (600) GeV at a 500 (1000) GeV
center-of-mass energy. This is distinct from the Higgsstrahlung mode where the pair mass
is strongly peaked at the Z resonance. Despite a broad distribution for the ee pair mass
in the ZZ fusion, it still provides some discriminating power against the diffuse electron
background.
The remaining kinematic degrees of freedom can be described by four angles. One of
these, the azimuthal angle of the Higgs boson around the beam axis, is irrelevant to our
analysis due to the rotational symmetry of the initial state around the beam line when
the beam is not transversely polarized. The other three angles are illustrated in Fig. 6,
where the label e− (e+) represents the outgoing electron (positron) and the Z momentum
is given by the difference between outgoing and incoming electrons (positrons). The arrows
represent momentum directions. The Higgs momentum is perpendicular to the plane in the
right panel. The angles are chosen as follows: θ1 is the angle between the intermediate
Z coming from the initial electron and the Higgs boost direction in the rest frame of the
Higgs. θ2 is the angle between the final state electron and the Higgs boost direction in
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the rest frame of the outgoing e−e+ pair. These angles take advantage of the scalar nature
of the Higgs. The distributions for cos θ1 and cos θ2 are rather flat since the Higgs boost
direction has no preference to align with the spins of the incoming Zs or outgoing electrons.
There is some correlation between these two angles and mild enhancement at larger | cos θ|,
which corresponds to a more collinear configuration. This is mitigated by the relatively large
virtuality of the Z propagators. In contrast the most important backgrounds show much
stronger correlation and peaks at high | cos θ| arising from highly collinear regions of phase
space which tend to dominate their production. The third variable, φ, is defined as the
angle between the plane defined by the ZZ pair and the plane defined by the outgoing e−e+
pair when viewed along the Higgs boost direction. It is a measure of coplanarity. Here the
signal shows a preference for small values of φ, indicating coplanar emission of the outgoing
e−e+ pair with the Z propagators and with the incoming leptons. This strong correlation is
expected since the Higgs does not carry away any spin information. The backgrounds will
generally have a more complex spin structure which is not strongly coplanar.
In practice, the outgoing electrons of our signal will tend to radiate photons, an effect
we treat with showering. This radiation degrades our signal resolution. To ameliorate this,
nearby photons are clustered according to a recombination algorithm and identified with a
single electron as described in detail in the next section.
Given our inclusive signal process, the backgrounds are of the form e−e+ → e−e+X.
Obviously, the single photon radiation X = γ arising from the Bhabha scattering is by far
the largest. Although the majority of events should be removed by the requirement of a large
recoil mass mX , beamstrahlung and the effects of the initial-state radiation (ISR), as well
as the final-state radiation (FSR), will produce additional largely collinear photons. This
generates a long tail in the recoil mass spectrum due to unobserved photons, mainly along
the beam pipe. To keep this class of backgrounds under control, we introduce a cut on the
transverse momentum pT of the outgoing e
−e+ pair. Photons which are lost down the beam
pipe should only contribute small pT differences to the observed final state. Thus the final
state e−e+ intrinsically has no pT as long as collinear photons from final-state showering are
correctly regrouped with the electrons. The signal, in contrast, has a nonzero pT from the
recoiling Higgs.
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Cuts ( fb) Generator level mrec, mee pT (ee) Veto isolated single γ
e−e+h (500 GeV) 11.5 4.11 3.48 3.48
e−e+γ (500 GeV) 165000 317 67.2 1.32
e−e+h (1 TeV) 24.1 9.75 8.49 8.18
e−e+γ (1 TeV) 175000 1570 344 4.73
Table 1: Cross section ( fb) for signal e−e++h and background e−e+γ after sequence of cuts.
This leaves a background from e−e+γ where the extra photon is not close enough to
either electron to be grouped with it by the clustering algorithm. We find it most convenient
to simply veto events, in addition to the e−e+ pair, with a single isolated photon
Eγ > 10 GeV, θγ > 6
◦, (2.4)
where θγ is the polar angle with respect to the beam. The effectiveness of this cut is illustrated
in Table 1 for the 500 GeV and 1 TeV runs. The cuts are specified in Table 2 and Table 4
for the 500 GeV and 1 TeV case respectively. Simple cuts on invariant mass and pT reduce
the e−e+γ-induced background by 3 orders of magnitude but it remains 30 times larger than
our signal. However the single photon veto reduces this by more than 90%.
In principle this affects our inclusiveness. However, the Standard Model processes which
could produce such a signal, such as h→ γγ (where one photon is lost down the beam pipe)
and h → Zγ, constitute branching fractions of 2.3 × 10−3 and 1.6 × 10−3 respectively. As
will be seen, the ultimate precision for the inclusive Higgs production measurement is at the
∼ 2% level so that Higgs decays to γγ or Zγ would have to be enhanced by more than an
order of magnitude compared to the Standard Model to be seen in the model-independent
inclusive measurement. Any such large signal enhancements will be seen at the LHC, to the
extent that they are not already excluded by current results. See the Appendix for further
discussion.
After these cuts some background can remain due to poorly measured final-state particles.
Particularly at 1 TeV center-of-mass energies, errors on the detected momentum of the final
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state can sometimes fake a recoil mass and a high pT that passes our other cuts. This
is necessarily an issue to be determined in detail by experimentalists when working with
an actual machine and is only parameterized by assumptions on detector smearing and
efficiency in our simulation. We find that badly measured states are typically associated
with very high-energy photons. Either these photons are not detected at all due to imperfect
calorimeter efficiency, or they are reported but with significant error on their transverse
momenta. Mismeasured low-energy photons will not usually cause a big enough error to
satisfy our previous cuts. Thus it is useful to veto events with very high-energy detected
photons, which are relatively rare in the signal.
Again, one may worry about introducing a bias against photons from Higgs decay, but
this problem can be addressed. When an event has a high-energy photon we first boost it
into the rest frame of the Higgs, as determined by the momentum of the outgoing lepton
pair. If the photon’s energy in the Higgs frame is less than half the Higgs mass, then it
potentially comes from a Higgs decay, and we do not subject it to the high-energy veto.
Thus only events with “eligible” photons, γ∗, which could not have come from the Higgs
decay, are cut.
2.1.1 Simulation framework
To estimate the expected number of events and derive the sensitivity reach at a given
energy and luminosity we use the ILC WHIZARD setup provided through the detector sim-
ulation package SGV3 [116]. Beam profiles for several energies have been generated by
GuineaPIG [55], which includes effects from beamstrahlung and ISR. These profiles are
interfaced with WHIZARD 1.95 [56] to generate parton-level samples. The parton-level sam-
ples are then passed to PYTHIA which performs showering and hadronization to final-state
particles [142]. SGV is a fast detector simulation which has been found to agree well with full
simulation results.
To avoid collinear and soft divergences, at the parton level we require that the energy of
a final state photon be greater than 10 GeV, and that the invariant masses of final lepton-
antilepton pairs and of lepton-photon pairs be greater than 4 GeV. We also require that the
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invariant mass of a final-state (anti)electron with an initial (anti)electron, or of a final photon
with an initial lepton, be greater than 4 GeV. More collinear photons will be generated via
the showering routines in PYTHIA.
After simulating tracking and calorimeter hits, SGV attempts to identify charged and
neutral particles and groups these into jetlike objects according to a sequential recombination
algorithm. We use the JADE algorithm, which defines a distance between objects
yij ≡ 2EiEj(1− cos θij)
E2vis
, (2.5)
where Ei and Ej are the energies of two objects and Evis is the total seen energy of the event.
Nearby objects are merged into subjets until all subjets are separated by yij > 0.01.
In selecting our observables we first identify the two highest-energy electron/positron
tracks in an event and discard it if there are fewer than two detected (anti)electrons. We
also require that these particles have opposite signs. If nearby calorimeter hits included in the
subjet which contains the track are only identified as photons, then we use the jet momentum
and energy for our reconstructed lepton. If the subjet contains any particles identified as
hadrons then we use only the track momentum in order to minimize cases where hadron jets
overlap with the recoiling electrons. For the purposes of the isolated photon cut described
above, we define an isolated photon as a jet object which contains only photons and no
charged tracks or hadronic calorimeter hits.
In the case of pure photon plus electron/positron backgrounds we simulate both e−e+ →
e−e+γ and e−e+ → e−e+γγ at the matrix element level. After showering there is some
overlap in the signals described by these two processes. In the spirit of matching calculations
done for hadron colliders we discard events from e−e+ → e−e+γ which produce two isolated
photons after the clustering procedure.
2.1.2 500 GeV analysis
We proceed with a sensitivity analysis for the ILC running at a 500 GeV center-of-mass
energy. We apply an initial beam polarization of −0.8 for the electron and +0.3 for the
positron, following the ILC technical design report [58]. We first perform a purely cut-based
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122 GeV < mrec < 145 GeV
110 GeV < mee < 370 GeV
Cut 1 pT (ee) > 40 GeV
veto 1 isolated photon
E∗γ < 200 GeV
Cut 2 φ < 1.5
Table 2: Cuts applied at ILC 500 GeV.
analysis with the cuts listed in Table 2. E∗γ represents only photon hits with energy greater
than 65 GeV in the rest frame of the Higgs.
Figure 7 displays the signal and background distributions in mrec, mee and the three
angular variables, after applying Cut 1 as listed. As can be seen, the angular variables show
considerable distinction from the background which can be used to enhance our sensitivity.
Cut 2 acts on these angles.
For this analysis we define the signal sensitivity according to the statistical 1σ relative
error on the signal,
δσ
σ
=
√
Ns +Nb
Ns
, (2.6)
where Ns,b = Lσs,b are the expected number of signal and background events after
cuts respectively. We assume the integrated luminosity L = 500 fb−1 at this energy. The
statistical significance is then inversely related to the signal sensitivity as Ns/
√
Ns +Nb.
The effect of our cuts on the cross section for signal and background processes is given in
Table 3.
We find that this cut-based analysis can measure the inclusive ZZ fusion signal to a
relative error of 8%. At this energy the dominant background after our cuts is e−e+νeν¯e,
over 80% of which is from the process e−e+ → W−W+. The large cross section of e−e+ →
W−W+ is favored by the beam polarization we have used at 500 GeV ILC. It is possible
to reduce this background with a polarization that favors right-handed electrons; however,
this also reduces the signal and we do not find any significant gain in sensitivity with the
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Figure 7: Comparison of signal (solid red) and total background (dashed blue) distributions
for variables (a) mrec, (b) mee, (c) θ1, (d) θ2 and (e) φ at
√
s = 500 GeV. Cut 1 in Table 2
is applied. For clarity, both signal and background distributions are normalized to unity.
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Process Generator level (fb) Cut 1 (fb) Cut 2 (fb)
ee→ eeh(Signal) 11.5 3.48 3.11
ee→ eeνeνe 659 23.9 16.0
ee→ eeνµ,τνµ,τ 78.6 1.02 0.70
ee→ eeqq 1850 9.33 6.88
ee→ eell 4420 5.18 4.42
ee→ eeγγ 1640 1.18 0.60
ee→ eeγ 165 000 1.32 0.66
Total background 174 000 41.9 29.2
δσ/σ · · · 8.7% 8.2%
Table 3: Cross sections for signal and background processes at ILC 500 GeV.
reversed polarization. It is possible to enhance sensitivity with an analysis that is sensitive
to shape and to correlations between variables. This is particularly useful when the signal
and background display distinct features which are not sharp enough to be efficiently cut
on, as in Fig. 7.
2.1.3 1-TeV analysis
We next extend our analysis to a 1 TeV center-of-mass energy with 1000 fb−1 integrated
luminosity. The polarization is assumed to be (−0.8, +0.2) as suggested by the Snowmass
Higgs report [59]. The ZZ fusion process is enhanced with increased center-of-mass energy.
However, due to radiation from the energetic e− and e+, the Higgs mass peak in the mrec
distribution is much more smeared than in the 500 GeV case, and photon radiation back-
grounds become more significant. The angular variables θ2 and φ show greater distinctions
between signal and background. To maximize significance we apply cuts as listed in Table 4.
Figure 8 compares the signal and total background distributions after Cut 1. Table 5
shows the expected cross sections after Cut 1 and Cut 2. Despite the degradation of the
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95 GeV < mrec < 300 GeV
500 GeV < mee < 870 GeV
Cut 1 pT (ee) > 50 GeV
veto 1 isolated photon
E∗γ < 200 GeV
Cut 2 0.14 < θ2 < 3.0
φ < 1.5
Table 4: Cuts applied at ILC 1 TeV.
recoil mass peak we gain significance from enhanced statistics and a somewhat improved
signal-to-background ratio. The cut-based analysis can reach a sensitivity of 3.1%.
2.1.4 Multivariate log-likelihood analyses
To improve upon the cut-based results for reaching the optimal sensitivity, we perform
a multivariate analysis (MVA) by evaluating a five-dimensional log-likelihood as a function
of the deviation from the SM. Assuming Poisson statistics in each bin, the log-likelihood is
defined as
LL(n;ν) = 2
Nbins∑
i=1
[ ni ln(
ni
νi
) + νi − ni] (2.7)
where νi is the expected number of events in bin i for the SM signal plus background, and
ni is the number of events in bin i for the SM signal scaled by factor r (signal × r) plus
background. We evaluate the region around r = 1 and our 1σ deviation from the Standard
Model value corresponds to ∆LL = 1.
Rather than applying Cut 2 on the angular distributions, we apply Cut 1 and evaluate
the log-likelihood in the five dimensional phase space defined by the variables mrec, mee, θ1,
θ2, and φ. In the analysis, we perform a 3125-bin analysis by dividing the phase space along
each variable evenly into five bins. Figure 9 shows the log likelihood as a function of r. In
the 500 GeV analysis, we find the sensitivity on signal cross section improved to 6.0%. For
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Figure 8: Comparison of signal (solid red) and total background (dashed blue) distributions
for variables mrec, mee, θ1, θ2 and φ at
√
s = 1 TeV. Cut 1 in Table 4 is applied. For clarity,
both signal and background distributions are normalized to unity.
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Process Generator level (fb) Cut 1(fb) Cut 2(fb)
ee→ eeh(Signal) 24.1 8.18 7.52
ee→ eeνeνe 978 31.5 17.2
ee→ eeνµ,τνµ,τ 93.9 3.24 1.64
ee→ eeqq 2830 24.1 13.6
ee→ eell 6690 13.7 10.8
ee→ eeγγ 3180 2.68 1.10
ee→ eeγ 175 000 4.73 2.28
Total background 189 000 80.0 46.6
δσ/σ · · · 3.6% 3.1%
Table 5: Cross sections for signal and background processes at ILC 1 TeV with 1000 fb−1
of integrated luminosity.
the 1 TeV case, the multivariate analysis increases the sensitivity to 2.5%. The likelihood
profile for the 500 GeV (1 TeV) case is shown in the left (right) panel of Fig. 9.
2.2 IMPACT ON HIGGS PHYSICS
2.2.1 Higgs width and coupling Fits
Based on our results, the sensitivities on σincz which can be reached by studying the ZZ
fusion channel at 500 GeV and 1 TeV ILC are 6.0% (8.2%) and 2.5% (3.1%) based upon
MVA (cut-based) analyses, respectively. In combination this yields a 2.3% (2.9%) combined
uncertainty on σincz from this production mode.
This is comparable to the current estimated precision of the ILC from studies of Zh asso-
ciate production [51] (that is, σincz of 2.0% achieved by combining 2.6% and 3.0% uncertainties
from 250 GeV and 500 GeV [60]). Thus, by combining the ZZ fusion and Zh measurements
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Figure 9: Five-dimensional Log likelihood as a function of the relative cross section r defined
below Eq. (2.7) for the 500 GeV case (left) and the 1 TeV case (right). For both analyses,
Cut 1 is applied.
we estimate a final sensitivity σincz to 1.5%, a 25% improvement over the Zh channel alone.
This improvement refines many other derived quantities in the model-independent fit. We
demonstrate the improvement for a few representative quantities in Table 6. We have per-
formed a global 10-parameter model-independent fit following Ref. [48]. We compute sen-
sitivities for the ILC alone and in combination with projected High Luminosity (HL)-LHC
results. We take the optimistic projections for HL-LHC precision on cross sections from
the CMS detector based on Ref. [59]. As discussed in detail in Ref. [48], twice the error of
σincz propagates into the Γtot determination, and this error dominates for stages beyond the
250 GeV phase of the ILC. Our study at the ILC 250+500+1000 stage relatively improves
the total width precision by 16%, Higgs to ZZ coupling by 25%, Higgs to WW coupling by
16%, and Higgs to bb¯ coupling by 8%. For other couplings with less precision the σincz is not
the largest source of uncertainty and less improvement is expected.
2.2.2 Operator analysis
New physics beyond the Standard Model (BSM) could give rise to modifications of the
Higgs couplings. The proper framework to describe such possibilities in a model-independent
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Relative error % ILC 250+500 ILC 250+500+1000
δσZh 6.0% 2.5%
Improvement With HL-LHC With HL-LHC
Γ 4.8 → 4.7 4.8 → 4.6 4.5 → 3.7 4.5 → 3.7
gZ 0.99 → 0.94 0.99 → 0.94 0.98 → 0.75 0.98 → 0.75
gW 1.1 → 1.1 1.1 → 1.1 1.1 → 0.89 1.1 → 0.88
gb 1.5 → 1.5 1.5 → 1.5 1.3 → 1.2 1.3 → 1.1
Table 6: The improvement on selected coupling precisions by incorporating our ZZ fusion
analysis from a typical 10-parameter model-independent fit. We show both the ILC exclusive
results and ILC combined with the optimistic CMS HL-LHC input [59]. For details of fitting
scheme and combination scheme, see Ref. [48]. The results for ILC 250/500/1000 ( GeV)
assume 250/500/1000 fb−1 integrated luminosities.
manner is the effective field theory approach. With respect to the SM gauge symmetry, such
effects are expressed by dimension-six Higgs operators after integrating out heavy particles
or loop functions [61, 62, 63, 64].1 The operators modifying Higgs to ZZ couplings are
naturally of particular interest in our case. This is partly because it will be one of the most
precisely determined quantities through a recoil-mass measurement and partly because it
is one of the key couplings that could help reveal the underlying dynamics of electroweak
symmetry breaking. Certain operators may have different momentum dependence and thus
measurements of differential cross sections may be more sensitive to the new effects.2 The
ILC is expected to have several operational stages with different center-of-mass energies, and
the high-precision measurement achievable from ZZ fusion will contribute to our knowledge
of these different operators.3
To demonstrate this important feature, we consider the following two representative
1For recent reviews of these operators, see e.g., Refs. [65, 66, 67, 163]. Many of these operators not only
contribute to Higgs physics, but also modify electroweak precision tests simultaneously [69, 70, 71, 72].
2For discussions of the effects on Higgs decays due to these operators, see Ref. [73].
3Assuming existence of a single operator at a time, limits can be derived, see, e.g., [74].
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operators
OH = ∂µ(φ†φ)∂µ(φ†φ), OHB = g′Dµφ†DνφBµν , (2.8)
with
Ldim−6 ⊃ cH
2Λ2
OH + cHB
Λ2
OHB, (2.9)
where φ is the SM SU(2)L doublet and Λ is the new physics scale. The coefficients cH and
cHB are generically of order unity. Following the convention for comparison with existing
studies [64, 67, 69, 70, 71, 72], we adopt the scaled coefficients c¯H =
v2
Λ2
cH and c¯HB =
m2W
Λ2
cHB.
This translates to generic values of c¯H ≈ 0.06 and c¯HB ≈ 0.006 for Λ = 1 TeV.
The operator OH modifies the Higgs-ZZ coupling in a momentum-independent way at
lowest order. This operator renormalizes the Higgs kinetic term and thus modifies the Higgs
coupling to any particles universally [75, 76]. Equivalently, one may think of rescaling the
standard model coupling constant. In contrast, the operator OHB generates a momentum-
dependent Higgs-ZZ coupling. This leads to a larger variation of the production rate versus
c.m. energy for the Zh process than the ZZ fusion because of the energy difference in the
intermediate Z bosons. Consequently, the corresponding deviations of the cross sections are
approximately
ILC 250 GeV : ∆σ
σ
(Zh) ≈ −c¯H − 4.5 c¯HB,
ILC 500 GeV : ∆σ
σ
(Zh) ≈ −c¯H − 25 c¯HB,
∆σ
σ
(e−e+h) ≈ −c¯H + 1.1 c¯HB, (2.10)
ILC 1 TeV : ∆σ
σ
(e−e+h) ≈ −c¯H + 2.4 c¯HB.
Such operators receive direct constraints from the LHC from similar production pro-
cesses [69, 70], off-shell Higgs-to-ZZ measurement [77], etc., all of which lack desirable
sensitivities due to the challenging hadron collider environment. Based on an analysis of
current data the coefficient c¯HB is excluded for values outside the window (−0.045, 0.075)4
and c¯H is far less constrained [69, 70].
4The window is (−0.053, 0.044) for single-operator analysis. This smallness of the difference between the
marginalized analysis and single-operator analysis illustrates that this operator mainly affects Higgs physics
and thus other electroweak precision observables do not provide much information.
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We only list above the cross sections which can be precisely measured at different ILC
stages, with corresponding polarizations taken into account. The distinction between ZZ
fusion(e−e+h) and Zh-associated production with Z decaying to electron-positron pairs is
easily made by applying a minimal mee cut above mZ .
In Fig. 10 we plot the expected constraints on the constants cH and cHB from the Zh
and ZZ processes measured at the ILC, assuming only these two constants among the six-
dimensional terms are nonzero. We show the 95% C.L. contours for different measurements.
The dashed(dot-dashed) blue line represents the contour from Zh-associated measurement
at ILC 250 GeV(500 GeV). The red line represents the contour from combined ZZ fusion
measurements at ILC 500 GeV and 1 TeV. One can see that at a given energy for a simple
production mode only a linear combination of the two operators is constrained, resulting
in a flat direction in the contours. However, measurements of Zh at two different energies
would allow us to measure both simultaneously, as shown in the gray contour. Moreover,
the addition of the ZZ information at 1 TeV would offer significant improvements as shown
in the yellow contour. This allows us to measure cH and cHB at the level of 0.04 and 0.004
respectively. Much of the improvement comes from the fact that in ZZ fusion, in contrast
to Zh-associate production, the OHB operator contributes with the opposite sign of the OH
operator. We note here such indirect measurements would strongly constrain BSM physics
which are otherwise difficult to test, such as singlet-Higgs assisted baryogenesis [78], “neutral
naturalness” [79, 80, 76], etc.
2.3 CONCLUSIONS
To summarize, the ZZ fusion channel for Higgs measurement could provide valuable
information for precision studies of the Higgs width and couplings because of the logarithmic
increase of the total cross section versus the center-of-mass energy as seen in Fig. 5. Although
the signal suffers from large radiation-induced smearing at high energies it can be observed
with good precision at a 1 TeV run and benefits from a multivariate analysis. We have also
demonstrated the sensitivity to probe higher-dimensional operators at the ILC, which are
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usually not covered by conventional global fits. We find:
(i) The inclusive cross section of the ZZ fusion channel can be measured to 2.5% at 1
TeV. This is competitive with the best estimate of Higgsstrahlung measurement at 250 GeV,
as shown in Secs. 2.1.3 and 4.2.4.
(ii) Combing the ZZ fusion and Higgsstrahlung channels, the model-independent mea-
surement of the inclusive cross section can be improved to 1.5% with a commensurate im-
provement of the Higgs width determination, as shown in Sec. 2.2.1.
(iii) Sensitivities on the inclusive cross section σincZ at multiple energies also offer the
possibility to distinguish contributions from different higher-dimensional operators induced
by BSM physics. We demonstrate the ability to simultaneously constrain two operators
whose effects are difficult to observe at the LHC, as shown in Sec. 2.2.2. Including the ZZ
fusion channel provides as large as 50% relative improvement for the constraint on the chosen
operators compared to the Zh-associated production channel alone.
In the preceding analysis and discussion, we have shown the appreciable impact of in-
cluding the ZZ fusion channel at the ILC for Higgs physics. Full detector simulations may
be desirable to further the study of this signal mode.
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Figure 10: Constraints on coefficients of dimension-six operators c¯H and c¯HB with and
without the inclusion of the ZZ fusion channel. The dashed and dot-dashed lines represent
2σ deviations from zero in the Zh channel at 250 and 500 GeV (blue lines), respectively.
The solid (red) lines indicates the constraint from ZZ fusion for 500 GeV plus 1 TeV. The
outer (black-dashed) contour shows the constraint from combined Zh measurements and the
middle (yellow) and inner (green) contours show the combined 2σ and 1σ results with ZZ
fusion included.
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3.0 HIGGS DECAY TO LIGHT JETS AT THE LHC
In this chapter we describe with some detail our study of Higgs decay to a pair of light
un-tagged jets h→ jj, in the associated production channel as in Eq. (1.18). We will exploit
the leptonic final state decays of the electroweak gauge bosons, and employ a hadronic tag
for the Higgs boson while optimizing the mass reconstruction. We argue that a 1σ sensitivity
of 1 (or 4) times the SM value with statistic (or systematic) uncertainties can be achieved
for the case where the Higgs decays to un-tagged jets. This is achieved with a judicious
choice of kinematic discriminants and a combination of the final state channels. Together
with h → bb¯ and h → cc¯ studies, the un-tagged channel puts an independent dimension of
bound in the space of branching ratios of Higgs decays to quarks and gluons. Assuming a
well measured ggh coupling at the end of HL-LHC [125], the result further puts comparable
but independent constraints on the light-quark Yukawa couplings. We also estimate that
this channel may offer a better probe to the strange-quark Yukawa coupling.
The remains of the chapter proceed as follows, Section 3.1 specifies the signal and dom-
inant background processes. Section 3.2 describes and presents the detailed analyses and
gives the main results in terms of the cut-efficiency tables and figures. In the same section,
we also study how to control the systematic errors for the large backgrounds. Section 3.3
describes an alternate search strategy based on momentum balance discriminants. Section
3.4 calculates the signal sensitivity and presents obtained constraints on Higgs couplings to
quarks and gluons in a correlated manner, while Section 3.5 summarizes and concludes.
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3.1 SIGNAL AND BACKGROUND PROCESSES
As discussed above, the promising channel in which to study the Higgs decay to light jets
is the associated production with an electroweak gauge boson W or Z, which subsequently
decays to leptons. Depending on the production mechanisms and the final states, we consider
the following subprocesses
qq¯ → W±h→ `±ν + jj, (3.1)
qq¯, gg → Zh→
 `+`− + jj,νν¯ + jj, (3.2)
where ` = e, µ and j = g or u, d, s. Practically, j is a gluon as expected in the SM. We thus
generically denote the SM signal by V h(gg), whenever convenient. In our calculations, events
are generated with MadGraph at the leading order, with “NNPDF23 nlo as 0119 qed” as the
PDF set [138]. For the gg → Zh process via the quark loops, we use Madgraph NLO [139]
and Madspin [140]. This channel contributes about 10%− 20% to the total Zh production
rate. We apply an overall rescaling of QCD K-factors to the signal processes, to match
the total NNLO QCD and NLO EW cross section results taken from summary of Higgs
cross section working group [137]. The K-factors are about 2 and 1.2 for the gg and qq¯,
respectively. We include the finite masses for the fermions running in the loop in the gg
initiated process. Some care is needed regarding the gg process because of its different
transverse momentum (pT ) dependence and sensitivity to new physics contribution in the
loop as discussed in Ref. [141]. In Fig. 11, we compare the Higgs boson transverse momentum
distributions for the signal processes qq¯ → Zh and gg → Zh. The qq¯-initiated channel peaks
at pT (h) ≈ 50 GeV, a typical mass scale associated with the final state particles of Zh.
The gg-initiated channel peaks at around pT (h) ≈ 150 GeV, due to the top mass threshold
enhancement. The differential cross section of gg drops faster than qq¯ with increasing pT (h),
due to the destructive interference between the triangle and box diagrams.
The Higgs is further decayed according to the branching ratios listed in Ref. [137]. Events
are then showered and hadronized using PYTHIA6 [142], and run through DELPHES [143]
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Figure 11: Higgs boson transverse momentum distribution for the signal processes qq → Zh
(upper solid curve) and gg → Zh (lower dashed curve) at the 14 TeV LHC.
for detector simulation and jet reconstruction. For the SM backgrounds, we mainly con-
sider the dominant irreducible background process V + jj at LO, where the V decays and
contributes accordingly to the three signal channels. At the generator level, we apply some
basic cuts on the jets to remove infrared and collinear divergences for the QCD background
processes
pT (j) > 20 GeV, |ηj| < 3, Rjj > 0.4. (3.3)
The hadronic jets are reconstructed with anti-kt jet algorithm with a cone size R = 0.4.
In our future analyses, we will be considering a relatively boosted Higgs recoiling off of the
vector boson. Therefore, to improve the simulation statistics, we also add a generator-level
cut on the vector boson
pT (V ) > 150 GeV. (3.4)
In Table 7 we give the cross sections used for our signal and background processes
including the basic cuts in Eq. (3.3) and with various pT thresholds for the vector boson.
The first is the total cross section with no pT (V ) cut, the second and third demand pT (V ) cuts
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σ (fb) cuts Eq. (3.3) + Eq. (3.4) + pT (V ) > 200 GeV
qq¯ → Zh→ `+`− gg 3.5 0.39 0.17
gg → Zh→ `+`− gg 0.71 0.20 6.2× 10−2
qq¯ → Zjj → `+`− jj 2.5× 105 1.2× 104 4.8× 103
qq¯ → Wh→ `ν gg 20 2.3 0.99
qq¯ → Wjj → `ν jj 2.5× 106 1.0× 105 3.9× 104
pp→ tt¯→ `νjjbb¯ 1.1× 105 1.5× 104 5.7× 103
qq¯ → Zh→ νν gg 11 1.2 0.50
gg → Zh→ νν gg 2.1 0.60 0.18
qq¯ → Zjj → νν jj 7.4× 105 3.6× 104 1.4× 104
Table 7: Cross sections in units of fb for signal and dominant background processes, with
the parton-level cuts of Eq. (3.3), and boosted regions pT (V ) > 150, 200 GeV.
of 150 and 200 GeV respectively. No cuts on the final state leptons are applied for the table.
A few remarks are in order. Although we have re-weighted our events by the K-factors
to account for the NNLO QCD/NLO EW corrections for the signal rate, we could not claim
the theoretical accuracy to this level, in particular in the extreme kinematic region as in
Eq. (3.4). Indeed, perturbative calculations tend to lead to harder pT spectrum than our
approximation via the final state radiation (FSR) or the initial state radiation (ISR) as in
PYTHIA. On the other hand, the extended pT (V ) spectrum is rather smooth and the good
experimental measurement with the large data sample would make the imprecise knowledge
from theory less crucial. As for the higher order corrections to the hadronic Higgs decay,
we believe that the effects are not significant given the color-singlet nature of the Higgs
boson and our rather inclusive treatment of the final-state jets, as discussed in detail in later
sections.
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3.2 SIGNAL SELECTION
In further studying the signal characteristics in Eqs. (3.1) and (3.2), we categorize the
channels according to the zero, one, or two charged leptons from the vector boson decays.
In addition, the signal has two leading jets from the Higgs decay, with invariant mass of the
Higgs boson. At high pT (h), the distance between the two hadronic jets can be estimated as
Rjj ≈ 1√
z(1− z)
mh
pT (h)
, (3.5)
where z, 1−z are the momentum fraction of the two jets. The LO parton-level distributions
of three kinematic discriminants for the Zh channel, the transverse momentum pT (Z), the jet
separation Rjj, and the di-jet invariant mass mjj, are shown in Fig. 12, comparing the signal
(solid) and dominant background (dashed), after the generator-level cuts as in Eqs. (3.3) and
(3.4). Obviously, pT (Z) is singular for the QCD background as seen in Fig. 12(a). The two
jet separation Rjj in Fig. 12(b) shows the either collinear feature from the parton splitting
in the final state radiation (FSR) or back-to-back near pi due to the initial state radiation
(ISR) for the background process, and is narrowly populated near 2mh/pT (h) for the signal.
The resonance bump near mh is evident as in Fig. 12(c). Because of the small rate, the
signal curves have been scaled up by a factor of 5000. We also show an event scatter plot in
Fig. 12(d), where the (red) dense band with crosses presents the signal events and the (blue)
dots show the background events. We see the strong correlation between the boosted pT (Z)
and collimated jets with smaller Rjj.
To suppress the huge QCD di-jet backgrounds, we must optimize the reconstruction of the
Higgs mass. There are two common methods to reconstruct hadronic decays of Higgs boson
depending on the kinematical configurations. One is the sub-structure (fat-jet) approach:
an early example for Higgs search in bb¯ channel was introduced in Ref. [130]. Because of the
highly boosted nature of the Higgs boson, a fat-jet identified as the hadronic decay products
of the Higgs boson is first selected. Various jet substructure observables and techniques such
as mass-drop and filtering [130], pruning [144], trimming [145], N-subjettiness [146] etc. can
be applied on the fat-jet to further improve the reconstruction of the invariant mass. For
a recent review, see Ref. [147]. The other approach is to simply resolve the leading jets.
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This is the common practice when the Higgs is produced not far from the threshold, and
the Higgs is identified as the sum of the two leading jets. Experimentally, the anti-kt jet
algorithm, given its regular jet shape, gives good reconstruction of hadronic jets, and is the
default hadronic jet reconstruction algorithm used at ATLAS/CMS. The V h(bb¯) search at
LHC is currently carried with the two resolved jet with anti-kt R = 0.4 method. In a recent
analysis [148] the two methods are compared for the Wh, h → bb process for LHC14 in
the kinematic region 200 GeV < pT (h) < 600 GeV. The resolved approach is better in the
200 GeV < pT < 300 GeV range. The jet-substructure approach is significantly better in
the pT > 600 GeV. The results are qualitatively expected, since the high pT corresponds to
a smaller cone-size of the fat-jet as argued in Eq. (3.5).
Since the signal events tend to populate near the kinematic threshold, we will exploit the
resolved method with two hard jets. However, additional QCD radiations from the highly
energetic jets are not negligible. Kinematically, it gives a reconstructed di-jet mass peak
smeared towards lower value. Some related effects including the NLO correction is studied
in Ref. [149]. We thus propose a modification of the two-jet-resolved method by including
possible additional jets in the decay neighborhood – a “resolved Higgs-vicinity” method.
After clustering the jets with anti-kt ∆R = 0.4, two leading pT jets are clustered as the
“Higgs-candidate”. Then additional jets j′ are also clustered to the “Higgs candidate” in
sequence of angular vicinity, whenever RHj′ ≤ Rmax. For the rest of the analyses, we choose
Rmax = 1.4. (3.6)
The optimal method is to select events with two leading pT jets that satisfy Rjj ≤ Rmax,
and add to the di-jet system any sub-leading jets within the distance Rmax. In practice, we
find that including one additional hard radiation in the decay is sufficient. In Fig. 13 we
compare several resolved-jet methods in their reconstruction of the Higgs mass, against the
V jj background. The central and hard jet requirements are pT (j) > 30 GeV and |ηj| < 2.5.
In Fig. 13(a), we reconstruct the Higgs with the two leading pT jets and veto events with more
than two central hard jets. As shown in the plot, the veto method removes the background
most efficiently, the cut also reduces the signal significantly. Fig. 13(b) shows the 2jet-
inclusive case, which is the same as (a) but does not veto additional jets. It improves the
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signal rate, but the signal mass peak is still smeared to the lower value. Fig. 13(c) is the
“resolved Higgs-vicinity” method, which adds the additional hard jet, and sharpens the mass
peak to help increase the overall S/
√
B sensitivity.
We study the sensitivity to pile-up contamination of this reconstruction method. In
Fig. 14, we compare it with the two jet resolved method adding pile-up samples in DELPHES.
As expected, the additional-jet method is more sensitive to the pile-up jets, yet still retains
a slight advantage even under pile-up value 〈µ〉 = 140 [150].
In the following, we describe the searches with the detailed signal and background anal-
yses, for the channels with two, one and zero charged leptons, respectively. For simplicity,
we use 2 jets reconstruction of the mass peak from now on.
3.2.1 `+`− + jj channel
For the two-lepton channel, we simulate the signal processes as in Eq. (3.2) with Z →
`+`−, h → gg. We require exactly one pair of charged leptons `± = e± or µ±, same flavor,
opposite charge, along with at least two energetic jets. The dominant background is by far
from Z + jj. The two leading pT jets are required to be close by having a separation less
than Rmax = 1.4, and an invariant mass between 95 and 150 GeV. They satisfy the following
acceptance cuts
• 2 leptons with pT (l) > 30 GeV and |ηl| < 2.5
• pT (``) > 200 GeV
• at least 2 jets with pT (j) > 30 GeV and |ηj| < 2.5
• Rj1j2 < 1.4
• 95 GeV< mh < 150 GeV
The di-jet mass window around mh is chosen to optimize the S/
√
B at HL-LHC. Table
8 shows the efficiency of applying the sequence of cuts. The overall efficiencies are about
14%, 7.6%, for the qq¯, gg initiated signal processes, respectively, and about 1.9% for the
background process. We would like to point out that from only the statistical sense, the
signal sensitivity S/
√
B would not be notably increased from the generator level results to
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that with final cuts. However, the fact that the background is reduced by around two orders
of magnitude helps to control the systematic uncertainties, as we will discuss later.
3.2.2 `± + ET + jj channel
For the one-lepton channel, we look at signal process in Eq. (3.1) with W → ν`, h→ gg.
The dominant backgrounds are W + jj and tt¯. Similar to the last section, the acceptance
cuts are
• one lepton pT (`) > 30 GeV and |η`| < 2.5
• pT (ν`) > 200 GeV,  ET > 30 GeV
• at least 2 jets with pT (j) > 30 GeV and |ηj| < 2.5
• Rj1j2 < 1.4
• 95 GeV < mh < 150 GeV.
The W transverse momentum pT (ν`) can be reconstructed from the charged lepton plus the
missing transverse momentum  ET . Table 9 shows the cut-flow at various stages of the cuts
applied. The overall efficiencies are about 18% for the qq¯ initiated signal process, and about
2.5%, 2.5% for the Wjj, tt¯ background processes, respectively.
3.2.3  ET + jj channel
The zero-lepton channel is studied with signal processes as in Eq. (3.2) with Z → νν, h→
gg. The dominant background again mainly is Z + jj. Similar to the above, the cuts
acceptance are
• lepton veto with pT (`) > 30 GeV |η`| < 2.5
•  ET > 200 GeV
• at least 2 jets with pT (j) > 30 GeV |ηj| < 2.5
• Rj1j2 < 1.4
• 95 GeV < mh < 150 GeV.
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The  ET is essentially from pT (Z). Table 10 shows the cut-flow at various stages of the cuts
applied. The overall efficiencies are about 23%, 15%, for the qq¯, gg initiated signal processes,
respectively, and about 4.5% for the background process.
Results presented in the above three sections have been double checked by other ap-
proaches.
3.2.4 Background control
As calculated earlier and presented in the previous tables, the signals for h→ gg in the
SM associated with W/Z to leptons at the 3000 fb−1 HL-LHC may lead to sizable event
rates, with about 200 events for the `+`− channel, 1300 events for the `±ν channel, and
1200 events for the νν channel, respectively. However, the difficulty is the overwhelmingly
large SM background, with a signal-to-background ratio at the order of 10−4. As such, one
must be able to control the systematic errors to sub-percent in order to reach statistically
meaningful result. This is an extremely challenging job, and one would not be able conclude
without real data to show the detector performances. On the other hand, there are ideas to
shoot at the goal. Here we adopt one of the commonly considered methods and demonstrate
our expectations.
For the two lepton and  ET channel, the dominant background is the SM Z + jj pro-
duction. With current selection, the two jet invariant mass spectrum is smoothly decreasing
within a range of [60, 300] GeV and our signal region lies between 95 GeV and 150 GeV.
Making use of the well-measured side-bands, the estimation of background contribution in
the signal region could be obtained directly from a fit to the mjj distribution. We generated
Z+jets samples with MadGraph generator corresponding to 10 fb−1 and passed the events
through PYTHIA and DELPHES to simulate the parton shower and ATLAS detector effect.
We adopt a parameterization ansatz to fit the distribution in the mjj range from 60 GeV to
300 GeV
f(z) = p1(1− z)p2zp3 , (3.7)
where pi are free parameters and z = mjj/
√
s. This ansatz is found to provide a satisfactory
fit to the generated Z+jets MC simulation at 14 TeV, as shown in Fig. 15.
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In order to estimate the uncertainty of background determination for 3000 fb−1 integrated
luminosity, we take this three-parameter function in Eq. (3.7) as the baseline to generate
the data-like spectrum following Poisson fluctuation. Figure 16 shows the generated spectra
for 300 fb−1 and 3000 fb−1. We fit these spectra with three-parameter, four-parameter and
five-parameter functions within the range of [60, 300] GeV but excluding the signal region
[95, 150] GeV. The fitting results and uncertainties are summarized in Figure 17 and Table
11. Besides the three-parameter function, four-parameter and five-parameter functions are
tested as below
f(z) = p1(1− z)p2zp3+p4 log(z), f(z) = p1(1− z)p2zp3+p4 log(z)+p5 log2(z). (3.8)
We also vary the fitting range from [60, 300] GeV to [70, 250] GeV and [80, 200] GeV to
test the stability, which are summarized in Table 12. If we consider the variation due to
this fitting range as another source of systematics, the uncertainty of background estimation
of Z(``)+jets for 3000 fb−1 is 0.33%. The uncertainty considered here includes the fitting
uncertainty, fitting function variation and fitting range variation, which is largely depending
on the statistics of side-band region. The background uncertainty from fitting is dominated
by the statistics of side-band regions, which is proportional to the background yield. It
is reasonable to assume the jet mass spectrum to be independent of the leptonic decay
details of the vector bosons. To the first-order estimation, the uncertainties of Z(νν)+jets
and W (ν`)+jets are comparable at the order of 0.1%. We thus summarize the systematic
percentage uncertainties for the three leptonic channels as
Z(`+`−) + jj : 0.33%; W (`±ν) + jj : 0.10%; Z(νν) + jj : 0.13%. (3.9)
As seen for example in Table 9 for the one-lepton channel, the tt¯ background is sub-
dominant yet not negligible. There are other smaller and non-negligible processes such as
semi-leptonic decays of di-boson, which are not included in our current studies since they
would not change our conclusions. Full simulation and control shall be required on all the
relevant processes once the data is available. Similar to the comment at the end of Sec. 3.1,
we could only claim the theoretical accuracy at the LO for the background processes, given
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the complicated kinematical acceptance. However, we argue that for our purpose of esti-
mating the signal sensitivity, it suffices to say that the di-jet invariant mass distribution for
backgrounds is smooth in the signal region, fitted with simple functions as done above.
3.3 ALTERNATIVE DISCRIMINANTS WITH MISSING ENERGIES
We note that a momentum balance discriminant has been proposed in Ref. [151] as a
useful kinematic variable in processes where a new resonant particle is produced in association
with a SM vector boson radiated in an initial state, pp→ R + V . The transverse momenta
of these states should balance
pRT − pVT = 0. (3.10)
Due to detector effects and radiation, the measured momentum balance is not perfect and
it is particularly more severe for the background since the QCD processes tend to have
larger radiation. This is a useful kinematic discriminant between the signal and background
[151]. However it is not applicable whenever there is missing energy in the event. In fact,
the definition of the missing transverse energy in an event is the negative of the vector
sum of the visible pT . In the above example it offers only a tautology for the momentum
balance discriminant. We offer, in the case of events with significant missing energy, a new
discriminant to capture the kinematic features of the event. We define this discriminant by
calculating the scalar sum of the transverse momenta of the visible particles in the event,
and then subtracting the missing transverse energy
TvQ ≡ Σi|pT i| − | ET |. (3.11)
This is a version of a momentum balance discriminant, referred as TvQ (Transverse event
Quality). Since the missing momentum in an event is defined by the negative of the vector
sum |Σi~pT i|, the quantity TvQ is the difference between the scalar and vector sums of the
visible pT in the event. TvQ tends to be small when the observable particles are a highly
collimated collinear bunch, while it takes a large value when the observable particles spread
out and when R + V production is near the kinematical threshold.
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It would be more intuitive to look at the signal and background in a two dimensional
space of discriminants. Consider the  ET signal from pp→ Zh→ νν gg. We plot the event
population in the pT (jj) − TvQ plane as shown in Fig. 18. We see that in the signal sample
(blue crosses), regions of large visible pT correlate with the zero value of TvQ. Events with
high boost, and therefore columnated Higgs decay products, correlate with lower values of
TvQ as predicted. The QCD background sample Z+jets (red dots), on the other hand,
tends to further spread out.
Another simple discriminant, somewhat correlated with TvQ for the Zh final state is a
transverse angular variable, φZh defined as the angle between the missing transverse energy
vector and the vector sum of the visible pT . This is clearly motivated since we expect the
Z and h states to be nearly back to back in the event, in contrast to the QCD multiple jet
events. We examined the selective cuts (−30 GeV < TvQ < 10 GeV) or (pi − 0.5 < φZh <
pi+0.5) and found them effective in separating the signal from the backgrounds. In exploiting
more kinematical variables in some treatment like Boosted-decision-Tree technique (BDT)
or Neural Networks (NN), those discriminative variables may be taken into consideration.
3.4 RESULTS AND DISCUSSION
3.4.1 Signal significance
As we see from the cut-flow tables 8-10, the V jj backgrounds are dominant. We calculate
the signal statistical significance as
S = Nsig√
Nbkg
, (3.12)
with the statistical uncertainty of the dominant background as the only uncertainty. The
combined significance of the V h(gg) signal is shown in Table 13. The three leptonic channels
from the V decays give comparable contributions. The two-charged-lepton channel has the
smallest signal strength, but cleaner in signal identification. The one and zero-charged-
lepton channels show good reconstruction and contribute better sensitivities. Adding the
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0, 1, 2 charged-lepton channels, the pure statistical estimation gives a 0.82σ significance,
which indicates how challenging an observation of the SM V h(gg) signal could be.
When the signal rate and S/B is small, one must worry about the systematic uncertainties
for the measurements. As discussed in length in Sec. 3.2.4, we rely on the precision side-
band fit to control the systematics in the signal region near mjj ∼ mh. If B is the fitted
background percentage uncertainty, we then assume the systematic error to be B × Nbkg.
We thus present a different significance dominated by the systematics, defined as
Ssys = Nsig
B ×Nbkg , (3.13)
As shown in Sec. 3.2.4, with 3000 fb−1 of data and mjj signal mass window taken as 95 −
150 GeV, we have B = 0.33%, 0.10%, 0.13% for the two, one and zero lepton channels,
respectively. The results with this significance estimation are also shown in Table 13. The
outcome is worse than the statistical-error-only treatment. We would also hope the further
reduction of non-statistic uncertainties with more dedicated background fitting schemes,
once real data is available from experiments.
3.4.2 Bounds on the branching fractions and correlations with h→ bb¯, cc¯
The interpretation of these results to bound on individual Higgs decay channels needs
further discussion. Thus far, we have only simulated h → gg as the Higgs decay channel,
since it dominates the SM branching fraction of the Higgs decay to light jets. Practically,
however, contributions from mis-tagged h → bb¯, h → cc¯, and possible light-quark pairs are
all accumulated in the events and should be taken into account correlatively. Thus, the
signal we have been searching for in this study really is h → j′j′ where j′ is an “un-tagged
jet” including possible b, c and j (g, u, d, s) contributions.
Listed in Table 14 are the working points for the tagging/mis-tagging efficiencies assum-
ing that different observable event categories listed as different rows are un-correlated. For
instance, a b quark will be tagged as a b with a probability of bb = 70%, and mis-tagged as
a c and an un-tagged j′ with cb = 13% and j′b = 17%, and so on. Here the subscript a
denotes the jet-tagged flavor category, and i denotes the parton as the source channel. The
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numbers are the same as in Category “c-tagging I” of Table 1 in Ref. [131], as reasonable
estimates for the experimental performance at the 14 TeV LHC, and for consistency of later
comparison. We extend to the double-tagged event categories with corresponding Higgs
branching fraction channels as,
eai =
2ai × (BR)i∑
j 
2
aj × (BR)j
. (3.14)
We show in Table 15 the percentage contributions of these decay channels h → ii in each
experimentally tagged category a. For instance, a pair of un-tagged jets in category j′j′ will
have a probability of 74% from the SM Higgs decay to a pair of gluons, and 16% or 10%
from bb¯ or cc¯, respectively. With the current tagging efficiency, we translate the significance
0.82σ on BR(h→ jj) to the un-tagged signal category BR(h→ j′j′) by rescaling as
Sj′ = Sj
ej′j
=
0.82σ
74%
= 1.1σ, (3.15)
that accounts for mis-tagged bb¯, cc¯ contributions as well. In other words, if an observation of
h→ j′j′ were made in the future LHC run, the interpretation for individual channels would
be based on Table 15, with updated tagging efficiencies.
As is customary, we define the signal strength for a decay channel h→ ii as
µi =
BR(h→ ii)
BRSM(h→ ii) , (3.16)
where we consider ii = bb¯, cc¯, and jj. Assuming each category is statistically indepen-
dent and following Gaussian statistics. We combine the three categories to get the three
dimensional contour constraint on {µb, µc, µj} correlatively based on the relation
S2 >
∑
a
χ2a =
∑ (xa − xa)2
σ2a
=
∑
a
(
∑
i 
2
aiBRiN
prod
sig −
∑
i 
2
aiBR
SM
i N
prod
sig )
2
(
√
Nbkg)2
=
∑
a
(
∑
i eai µi − 1)2
(1/Sa)2
(3.17)
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where Sa is the significance from each category identified by experiments, and eai are the
double efficiencies from each decay channel i in category a given in Table 15.1 We take
Sa = (11, 1.35, 1.1 (0.35)) for the three categories, assuming only statistical errors with
3000 fb−1 data. The first number is from Table 12 in the ATLAS MC study [124], making
use of “One+Two-lepton” combined sensitivity. The second number comes from Fig. 2(a)
of Ref. [131], the extrapolated study on the same MC dataset assuming the same tagging
efficiency. Assuming most of the sensitivity on µc comes from the double c-tagged category,
we likewise rescale the number with ec′c and a
√
2 since they consider 2 × 3000 fb−1 data
from two experiments. The third number is from our current “Zero+One+Two-lepton” un-
tagged jets study, with the number in parenthesis including the systematic error. The fully
correlated signal strengths are plotted in Fig. 19, for (a) a 3-dimensional contour in (µb, µc,
µj) at 1σ, (b) the projected contour on the µj − µc plane with statistical error only, and (c)
with systematical error dominance. The shadowed contour regions are the projection of the
3D contour (µb, µc, µj) onto the µc-µj plane at 1σ and 2σ, and the solid ovals are for a fixed
value µb = 1. Allowing µb to float, the contour regions are slightly larger than the ovals.
We note that certain values of the parameter space plane are excluded when BR(h → bb)
+ BR(h→ cc) + BR(h→ jj) > 1 and where our SM production assumption breaks down.
This is represented in the plots by the gray shaded region. The 95% Confidence Level (CL)
global upper bounds (approximately 2σ) on the branching fractions with statistical errors
(systematic errors) for 3000 fb−1 with respect to the SM predictions can be obtained as
BR(h→ jj) ≤ 4 (9)× BRSM(h→ gg), (3.18)
BR(h→ cc¯) < 15× BRSM(h→ cc¯), (3.19)
Although this bound on the h → gg channel is not nearly as strong as that from the
production fit gg → h assuming the SM value, our study and results lay out the attempt
of the search for the direct decay of the Higgs boson to gluons and the light quarks. The
result for cc¯ is comparable with the best existing extrapolations [152, 131], although adding
the un-tagged category slightly improve the constraints on the c-quark Yukawa coupling, as
expected.
1Note the different efficiencies defined in Tables 14 and 15, with the normalizations
∑
a ai = 1 in cate-
gories, and
∑
i eai = 1 in channels.
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Further improvements can be made by including the production of the vector boson
fusion (VBF) [153] and tt¯h [154]. They are the sub-leading contributions to the h → jj
study at Run I and become more important production channels at Run II [155]. Our study
includes for simplicity only double-tagged categories, and single b or c tagged categories can
be further included as done in the recast by Ref. [156]. Statistics can be further improved
by analysis with likelihood fitting, BDT, etc. once data is available.
3.4.3 Bounds on light-quark Yukawa couplings
So far, possible contributions from light quarks (u, d, s) have been ignored in accordance
with the SM expectation. The bound on h → jj in Eq. (3.18) can be translated into those
for the light quark Yukawa couplings. Assuming the SM ggh coupling, and varying one light
quark Yukawa yq at a time, we translate our bound on µj to the Yukawa couplings for light
quarks u, d, s by scaling the branching fraction with µq ∝ y2q . Our results of the bounds on
the Yukawa couplings are shown in Table 16. There have been attempts to probe the light
quark Yukawa couplings in the literature [157, 152, 158, 159, 160, 161]. Recent studies on the
inclusive Higgs production and its spectra of pT (h) and yh claim various improved constraints
on the couplings [152, 158], compared to constraints from a global fit [162]. The upper
bounds from our study of Higgs decay to light jets are comparable to those derived from the
Higgs production kinematics, as also shown in Table 16, and thus provide complementary
information to the existing approaches. The SM Yukawa coupling for the light quarks are
taken to be proportional to their individual MS running masses, which we evolve with N4LO
QCD from the PDG definition at 2 GeV [163] to the Higgs mass at 125 GeV.2
2 There is however a discrepancy of the values used for the light quark running mass in the literature
[157, 160, 152]. For instance, using the input from PDG, we find the strange quark mass to be ms(mh) = 53
MeV, whereas the other adopted values are 83 MeV at the scale mh [160], ms(mh/2) ∼ 48 MeV [157], and
ms(mh/2) ∼ 57 MeV [152].
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3.5 SUMMARY AND CONCLUSIONS
We have carried out a detailed study of the Higgs boson decay to light un-tagged jets
in the vector boson associated channel pp → V h, with h → gg and V = W±, Z decaying
to leptons at the 14 TeV HL-LHC with 3000 fb−1. To differentiate the di-jet signal from
the huge SM QCD backgrounds, we have maximized the signal sensitivity by combining
searches in the 0, 1 and 2-leptonic decay channels of the vector bosons. We used MadGraph,
PYTHIA, and DELPHES for the signal and background simulations. Our findings can be
summarized as follows.
• In Sections 3.2.1-3.2.3, we optimized the kinematical cuts according to the individual
signal channels to enhance the S/
√
B as well as S/B. The boosted kinematics for the
di-jet signal has the advantage to improve S/B, while to keep the S/
√
B roughly the
same. We proposed the “di-jet-vicinity” Higgs mass reconstruction method as seen in
Fig. 13, and tested its effectiveness against the pile-up effects as in Fig. 14.
• In Sec. 3.2.4, we studied in great detail on how to control the systematic errors by
making use of the side-bands with a few fitting functions. We found that with 3000 fb−1,
it is conceivable to achieve the sub-percent level systematic uncertainties, as given in
Eq. (3.9). It would be crucially important to take advantage of the large statistics and
to keep the systematics under control.
• We may reach about 1σ combined significance for the un-tagged di-jet channel, as shown
in Table 13 and in Eq. (3.15). We also considered the correlation with mis-tagged events
from h→ bb¯, cc¯ channels, as discussed in Sec. 3.4.2
• Assuming the SM V h production, our results can be translated to upper bounds on the
branching fractions of 4 and 15 times the SM values for BR(h → gg) and BR(h → cc¯),
respectively, at 95% CL, seen in Eqs. (3.18) and (3.19).
• Exploiting our results, indirect upper bounds on light-quark Yukawa couplings can be
extracted, as summarized in Table 16, and compared with the currently existing litera-
ture.
• We pointed out that there are other variables to explore. Kinematic discriminants like
TvQ and φZh as discussed in Sec. 3.3 may be among them. In the hope to improve
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the simple cut-based analyses, multiple variable methods like BDT and NN would be
promising. Addition of other production channels such as VBF and tt¯h will also help to
strengthen the bounds.
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Figure 12: Kinematical distributions of the signal process pp → Zh, h → gg (solid curves,
scaled up by a factor of 5000) and the leading background pp→ Zjj (dashed curves) for (a)
pT (Z), (b) Rjj, (c) mjj, and (d) event scatter plot in Rjj − pT (Z) plane, with the (red) dense
band with crosses as the signal events and (blue) dots as the background. Generator level
cuts of Eqs. (3.3) and (3.4) have been applied.
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Figure 13: Invariant mass distributions mjj of the signal process pp→ Zh, h→ gg, Z → ``
(solid curves, scaled up by a factor of 5000) and the leading background pp→ Zjj (dashed
curves) for (a) with 2 jets only, (b) with 2 leading jets to reconstruct mjj, (c) with 2 leading
jets plus other jets together to reconstruct mjets. All selection cuts as in Sec. 3.2.1 except
for mh cut are applied.
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Figure 14: Invariant mass distributions constructed from (a) two-jet events and (b) three-jet
events with different pile-up values 〈µ〉 = 0, 15, 50, 140, respectively.
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cut eff (%) qq¯ → Zh→ `+`−gg gg → Zh→ `+`−gg qq¯ → Zjj → `+`−jj
σ (fb) 3.9× 10−1 2.0× 10−1 1.2×104
2 leptons 59% 52% 40%
≥ 2 jets 51% 49% 32%
70 < mll < 110 50% 49% 31%
pT (``) > 200 GeV 26% 23% 16%
Rj1j2 < 1.4 21% 12% 5.3%
95 < mh < 150 GeV 14% 7.6% 1.9%
final (fb) 5.4× 10−2 1.5× 10−2 2.4×102
Table 8: The consecutive cut efficiencies for signal `+`− jj and dominant background pro-
cesses at the LHC.
cut eff (%) qq¯ → Wh→ `νgg qq¯ → Wjj → `νjj tt¯→ `νjjbb¯
σ (fb) 2.3 1.0×105 1.5×104
 ET > 30 GeV 94% 87% 93%
1 lepton 72% 52% 62%
pT (`ν) > 200 GeV 39% 24% 26%
≥ 2 jets 35% 20% 22%
Rj1j2 < 1.4 27% 6.8% 11%
95 < mh < 150 GeV 18% 2.5% 2.5%
final (fb) 4.1× 10−1 2.5× 103 3.7× 102
Table 9: The consecutive cut efficiencies for signal `± ET jj and dominant background pro-
cesses at the LHC.
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cut eff (%) qq¯ → Zh→ ννgg gg → Zh→ ννgg qq¯ → Zjj → ννjj
σ (fb) 1.2 6.0× 10−1 3.6×104
 ET > 200 GeV 49% 44% 42%
≥ 2 jets 45% 43% 35%
Rj1j2 < 1.4 36% 25% 12%
95 < mh < 150 GeV 23% 15% 4.5%
final (fb) 2.7× 10−1 8.9× 10−2 1.6× 103
Table 10: The consecutive cut efficiencies for signal  ET jj and dominant background pro-
cesses at the LHC.
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Figure 15: Invariant mass distribution mjj for Z(`
+`−)+jets at the 14 TeV LHC for (a) MC
simulated events normalized to 10 fb−1, and (b) fitted spectrum from three-parameter ansatz
function in Eq. (3.7) range from 60 GeV to 300 GeV (solid curve).
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Figure 16: Generated distribution from three-parameter ansatz function in Eq. (3.7) for mjj
with (a) 300 fb−1, (b) and 3000 fb−1 (right).
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Figure 17: Fitted results for 300 fb−1 (left) and 3000 fb−1 (right).
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Background 300 fb−1 3000 fb−1
Expectation 8.29× 104 8.26× 105
3-parameter (8.39± 0.05)× 104 (8.28± 0.01)× 105
4-parameter (8.38± 0.05)× 104 (8.27± 0.01)× 105
5-parameter (8.39± 0.04)× 104 (8.29± 0.01)× 105
Uncertainty 1.32% 0.21%
Table 11: Fitted results for the background rates from various fitting functions as in Eqs. (3.7)
and (3.8).
3000 fb−1 True [60, 300] GeV [70, 250] GeV [80, 200] GeV
3-parameter 8.26× 105 (8.28± 0.01)× 105 (8.26± 0.03)× 105 (8.27± 0.05)× 105
Table 12: Fitted results for the background rate from various fitting ranges by the fitting
function in Eq. (3.7).
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Figure 18: Scatter plot of 10000 events for the signal (blue crosses) and background (red
dots) in the visible pT − TvQ plane.
σ (fb) `+`− + jj `± + ET + jj  ET + jj combined
V h signal 7.0× 10−2 4.1× 10−1 3.6× 10−1
V jj background 2.4× 102 2.5× 103 1.6× 103
S 0.25 0.61 0.49 0.82
Ssys 0.09 0.17 0.17 0.26
Table 13: Signal significance achieved from each channel and combined results for both
statistics and systematics dominance.
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ai b-quark c-quark j = g, u, d, s
b-tag 70% 20% 1.25%
c-tag 13% 19% 0.50%
un-tag j′j′ 17% 61% 98.25%
Table 14: Flavor tagging efficiency
eai h→ bb¯ h→ cc¯ h→ jj
bb-tag 99.6% 0.4% 0%
cc-tag 90.4% 9.6% 0%
un-tag j′ 16% 10% 74%
Table 15: Fraction of SM decay channels
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Figure 19: Signal strengths in correlated regions for (a) 1σ contour in 3-dimension (µb,
µc, µj), (b) and (c) contours in µc-µj plane, for statistics only and including systematic
uncertainties, respectively. The shadowed contour regions are the projection of the 3D
contour (µb, µc, µj) onto the µc-µj plane at 1σ and 2σ, and the solid ovals are for fixing
µb = 1. The grey triangle area at the upper right corner is unphysical BR(h → bb) +
BR(h→ cc) + BR(h→ jj) > 1.
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L(fb−1) κu (κu) κd (κd) κs (κs)
300 (un-tagged j′j′) 1.2 (2600) 1.2 (1200) 1.2 (61)
3000 (un-tagged j′j′) 0.65 (1500) 0.65 (680) 0.65 (34)
Current Global Fits [162] 0.98 (2200) 0.97 (1000) 0.70 (37)
300 [158] 0.36 (820) 0.41 (430)
3000 [152] 0.58 (30)
Table 16: Extrapolated upper bounds at 95% CL on the light-quark Yukawa couplings
κq = yq/y
SM
b (κq = yq/y
SM
q ) for q = u, d, s.
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4.0 ANTLER TOPOLOGY FOR MASS DETERMINATION
This chapter is a bit digression from the theme of Higgs measurements at colliders. The
study is however in the same spirit and methodology of making use of the clean kinematic
reconstruction at lepton colliders. Instead of SM properties, we target directly at a BSM
scenario where the probable dark matter candidate particle is pair produced from cascade
decay of heavier resonances. The lepton collider here offers the opportunity to determine
the masses of these new particles to a high precision.
4.1 MOTIVATION
With the discovery of the Higgs boson at the LHC [81], we know that the SM as an
effective field theory can be valid up to a very high scale. Nevertheless, there are strong
indications that the SM is incomplete. Certain observed particle physics phenomena cannot
be accounted for within the SM. Among them, the discovery and characterization of the
dark matter (DM) particle may be one of the most pressing issues.
The existence of dark matter has been well established through a combination of galactic
velocity rotation curves [82], the cosmic microwave background [83], Big Bang nucleosynthe-
sis [84], gravitational lensing [85], and the bullet cluster [86]. As a result of these observations,
we know that dark matter is non-baryonic, electrically neutral and composes roughly 23%
of the energy and 83% of the matter of the universe.
Among the many possibilities for dark matter [87], weakly interacting massive particles
(WIMPs) are arguably the most attractive because of the so-called WIMP miracle: to get
62
DX1
X2
a1
a2
B1
B2
Figure 20: The antler decay diagram of a heavy particle D into two visible particles a1 and
a2 and two invisible particles X1 and X2 through on-shell intermediate particles B1 and B2.
the relic abundance right, a WIMP mass is roughly
MWIMP <∼
g2
0.3
1.8 TeV, (4.1)
which miraculously coincides with the new physics scale expected from the “naturalness”
argument for electroweak physics. Therefore, there is a high hope that the search for a dark
matter particle may be intimately related to the discovery of TeV scale new physics.
Direct searches of weak scattering of dark matter off nuclear targets in underground labs
have been making great progress in improving the sensitivity to the DM mass and couplings,
most recently by the XENON [88], LUX [89] and SuperCDMS [90] collaborations. WIMPs
can also be produced at colliders either directly in pairs or from cascade decays of other
heavier particles. Since a WIMP is non-baryonic and electrically neutral, it does not leave
any trace in the detectors and thus only appears as missing energy. In order to establish a
DM candidate convincingly, it is ultimately important to reach consistency between direct
searches and collider signals for the common parameters of mass, spin and coupling strength.
It is very challenging to determine the missing particle mass at colliders due to the under-
constrained kinematical system with two missing particles in an event. It is particularly
difficult at hadron colliders because of the unknown partonic c.m. energy and frame. There
exist many attempts to determine the missing particle mass at the LHC, such as endpoint
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methods [91], polynomial methods [92], MT2 methods [93], and the matrix element method
[94]. Recently, we studied the “antler decay” diagram [95], as illustrated in Fig. 20 with a
resonant decay of a heavy particle D into two parity-odd particles (B1 and B2) at the first
step, followed by each Bi’s decay into a missing particle Xi and a visible particle ai. In our
study, we found that a resonant decay through the antler diagram develops cusps in some
kinematic distributions and the cusp positions along with the endpoint positions determine
the missing particle mass as well as the intermediate particle mass [95, 96, 97].
As motivated earlier, we focus on lepton colliders [98, 99, 100, 101], in which the antler
topology applies. The initial state is well-defined with fixed c.m. energy and c.m. frame.
This allows various antler processes without going through a resonant decay of a heavy
particle D. We consider kinematic variables such as the angle and the energy of a visible
particle for the mass determination. We also show that the invariant mass of two invisible
particles, which can be indirectly reconstructed using the recoil mass technique, is crucial
for the mass measurement and the SM background suppression. The energy sum of the two
visible particles or of the two invisible particles will also be shown to be equally powerful. At
a linear e+e− collider, the available beam polarization can additionally be used to suppress
the SM background and enhance the sensitivity of the mass measurement.
Two common methods of the missing mass measurement have been studied in the liter-
ature for e+e− collisions:
1. The lepton energy endpoints in cascade decays [102];
2. The photon energy endpoint in the direct WIMP pair production associated with a
photon [103].
In comparison, we find that our results from the antler topology can be at least comparable
to the energy endpoint method and do much better than the single photon approach. For
the sake of illustration, we will concentrate on the minimal supersymmetric standard model
(MSSM) and consider the scenario where the lightest neutralino χ˜01 is the lightest super-
symmetric particle (LSP) and, therefore, stable in the framework of a R-parity conserving
scenario. We consider two MSSM processes that satisfy the antler topology: pair produc-
tion of scalar muons (smuons) and that of charginos. In order to be as realistic as possible
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with the kinematical construction, we analyze the effects of the initial state radiation (ISR),
beamstrahlung, acceptance cuts, and detector resolutions on the observables. We adopt the
log-likelihood method based on Poisson statistics to quantify the precision of the mass mea-
surements. We find that this method optimizes the sensitivity to the mass parameters in the
presence of these realistic effects.
We note that the scanning through the pair production threshold could give a much more
accurate determination for the intermediate parent mass [104]. With this as an input, one
could improve the measurement of the missing particle mass by the energy endpoint method
or by the Antler technique. However, the threshold scan would require a priori knowledge
of the intermediate particle mass, and would need more integrated luminosity to reach such
a high sensitivity [104]. Our proposed method does not assume to know any masses, and
our outputs would benefit the design of the threshold scan.
For benchmark scenarios, we first show smuon pair production as an example of massless
visible particles in section 4.2. We reproduce the expected kinematical features numeri-
cally and illustrate the effects of the acceptance cuts on the final state observable particles.
Other realistic effects including full spin correlation, SM backgrounds, ISR, beamstrahlung,
and detector resolutions are considered. Adopting the log-likelihood method based on the
Poisson probability density, we quantify the accuracy with which the missing particle mass
measurement may be determined in section 4.2.4. In section 4.3, chargino pair production
is studied, as an example of massive visible particles with a hadronic final state. In section
4.4, we give a summary and draw our conclusions.
4.2 MASSLESS VISIBLE PARTICLE CASES: SMUON PAIR
PRODUCTION
We start from a state with a fixed c.m. energy
√
s, which produces two massive particles
B1 and B2, followed by each B’s decay into a visible particle a and an invisible heavy particle
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X, as depicted in Fig. 20. In e+e− collisions, it is realized as
e+e− → B1 +B2, (4.2)
B1 → a1 +X1, B2 → a2 +X2.
For simplicity, we further assume that B1 and B2 (X1 and X2) are identical particles to each
other:
mB1 = mB2 ≡ mB, mX1 = mX2 = mX . (4.3)
We review the kinematic cusps and endpoints of antler processes in Appendix B. There we
present the general analytic expressions for six kinematic variables in terms of the masses.
For the massless observable particles a1 and a2 in this section, we present the feature
based on the previous discussions and demonstrate the observable aspects for the missing
mass measurements at the ILC. Throughout the chapter, we choose to show the results for
the c. m. energy
√
s = 500 GeV.
4.2.1 The kinematics of cusps and endpoints
A lepton collider is an ideal place to probe the charged slepton sector of the MSSM.
To illustrate the basic features of cusps and endpoints at the ILC, we consider smuon pair
production. In principle, the scalar nature of the smuon can be determined by the shape
of the total cross section near threshold and the angular distributions of the final muons
[105]. There are two kinds of smuons, µ˜L and µ˜R, scalar partners of the left-handed and
right-handed muons respectively. A negligibly small mass of the muon suppresses the left-
right mixing and thus makes µ˜L and µ˜R the mass-eigenstates. The smuon pair production
in e+e− collisions is via s-channel diagrams mediated by a photon or a Z boson. Since the
exchanged particles are vector bosons, the helicities of e+ and e− are opposite to each other,
and only two kinds of pairs, µ˜+Rµ˜
−
R and µ˜
+
L µ˜
−
L , are produced. If the lightest neutralino χ˜
0
1 has
a dominant Bino component, µ˜R predominantly decays into µχ˜
0
1. The decay of µ˜L → µχ˜01
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Label µ˜R µ˜L χ˜
0
1 χ˜
0
2 χ˜
0
3 χ˜
0
4 χ˜
±
1 χ˜
±
2
Case-A (Case-B) 158 636 (170) 141 529 654 679 529 679
Case-C − − 139 235 504 529 235 515
Table 17: Illustrative SUSY mass spectrum for Case-A, Case-B (as introduced in Sec. 4.2.1)
and Case-C (as introduced in Sec. 4.3). All of the masses are in units of GeV.
is also sizable. At the ILC, the process e+e− → µ˜Rµ˜R/µ˜Lµ˜L → µχ˜01 + µχ˜01 has a substantial
rate. The final state we observe is
e+e− → µ+µ− + /E. (4.4)
This is one good example of the antler process. However, we note that the leading SM
process, W+W− production followed by W → µνµ, is also of the antler structure.
For illustrative purposes of the signals, we consider two benchmark points for the MSSM
parameters, called Case-A and Case-B, as listed in Table 17. These two cases have the same
mass spectra, except for the µ˜L mass. In Case-A, µ˜L is too heavy for the pair production at
√
s = 500 GeV. We have a simple situation where the new physics signal for the final state
in Eq. (4.4) involves only µ˜Rµ˜R production. In Case-B, the µ˜L mass comes down close to
the µ˜R mass, with a mass gap of about 10 GeV. In this case with mµ˜R ' mµ˜L , the cross
section of µ˜Rµ˜R production is compatible with that of µ˜Lµ˜L production. This is because
the left-chiral and right-chiral couplings of the smuon to the Z boson, say gLµ˜µ˜Z and g
R
µ˜µ˜Z
respectively, are accidentally similar in size:
gLµ˜µ˜Z =
−1 + 2 sin2 θW
2 sin θW cos θW
≈ −0.64, gRµ˜µ˜Z =
sin θW
cos θW
≈ 0.55. (4.5)
In Case-B, three signals from µ˜Rµ˜R, µ˜Lµ˜L, and W
+W− all have the same antler decay
topology. The goal is to disentangle the information and achieve the mass measurements of
µ˜R, µ˜L, and χ˜
0
1.
It is noted that the LHC searches for slepton direct production does not reach enough
sensitivity with the current data yet [106] and would be very challenging in Run-II as well
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√
s 500 GeV
Production channel µ˜Rµ˜R µ˜Lµ˜L W
+W−
input (mB,mX) (158, 141) (170, 141) (mW , 0)
| cos Θ|max 0.77 0.73 0.95
(mminµµ ,m
cusp
µµ ,m
max
µµ ) (0, 12, 91) (0, 21, 137) (0, 13, 487)
(mminrec ,m
cusp
rec ,m
max
rec ) (408, 445, 488) (363, 413, 479) (0, 13, 487)
(Eminµ , E
max
µ ) (6, 46) (11, 69) (7, 243)
(Eminµµ , E
cusp
µµ , E
max
µµ ) (12, 52, 92) (21, 79, 137) (13, 250, 487)
Table 18: The values of various kinematic cusps and endpoints as seen in Fig. 21, for the
mass parameters in Table 17. All of the masses and energies are in units of GeV.
for the parameter choices under consideration, due to the small signal cross section, large
SM backgrounds, and the disfavored kinematics of the small mass difference. On the other
hand, once crossing the kinematical threshold at a lepton collider, the slepton signal could
be readily established.
In Table 18, we list the values of various kinematic cusps and endpoints for the five
variables discussed above. The mass spectra of the µ˜Rµ˜R antler and the W
+W− antler
apply to both Case-A and Case-B, while that of µ˜Lµ˜L applies only to Case-B. With the
given masses, all of the minimum, cusp, and maximum positions are determined. They
are considerably different from each other, indicating important complementarity of these
kinematic variables.
In Fig. 21, we show the normalized distributions of (a) mµµ, (b) mrec, (c) cos Θ, (d) Eµ,
and (e) Eµ+ + Eµ− for µ˜Rµ˜R, µ˜Lµ˜L, and W
+W− production at the ILC with a c.m. energy
of 500 GeV. To appreciate the striking features of the distributions, we have only considered
the kinematics here. The full results including spin correlations, initial state radiation (ISR),
beamstrahlung, and detector smearing effects will be shown, beginning in section 3.3. First,
the maa distributions for µ˜Rµ˜R, µ˜Lµ˜L, and W
+W− production do not show a clear cusp.
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e+e− → µ+µ−/E, √s = 500 GeV
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Figure 21: The normalized distributions of (a) mµµ, (b) mrec, (c) cos Θ, (d) Eµ and (e)
Eµ+ + Eµ− for the three cases in Table 18, i.e., for µ˜Rµ˜R, µ˜Lµ˜L and W
+W− production at
√
s = 500 GeV. Here we consider only the kinematics without spin correlations.
This is because the c.m. energy is too high compared with the intermediate mass to reveal
the maa cusp, which would become pronounced when mB > 0.44
√
s [95]. For B = µ˜R, a
sharp maa cusp requires
√
s <∼ 360 GeV. On the contrary, the mrec distributions for µ˜Rµ˜R
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and µ˜Lµ˜L in Fig. 21(b) are of the shape of a sharp triangle. This is attributed to the massive
X. For W+W− production, the missing particles are massless neutrinos, therefore, the maa
distribution is the same as the mrec distribution.
The cos Θ distributions of µ˜Rµ˜R, µ˜Lµ˜L, and W
+W− in Fig. 21(c) present the same
functional behavior, proportional to 1/ sin3 Θ. There are two sharp points where the cusp
and the maximum merge, which correspond to ±| cos Θ|max. The µ˜Rµ˜R and µ˜Lµ˜L processes
have similar values of | cos Θ|max, while the W+W− process peaks at a considerably larger
value. Figure 21(d) shows the energy distribution of one visible particle µ. The distributions
for the smuon signals are flat due to their scalar nature, while the flat distribution for the
W+W− channel is artificial due to the neglect of spin correlation. We will include the full
spin effects from section 4.2.3 and on.
In principle, the two measurements of Eminµ and E
max
µ can determine the two unknown
masses mB and mX . However the minimum of Ea can be below the detection threshold
as in the µ˜R case of E
min
µ ' 5.8 GeV. One may thus need another independent observable
to determine all the masses. In addition, over-constraints on the involved masses are very
useful in establishing the new physics model.
The distribution of Eµµ(≡ Eµ+ +Eµ−) in Fig. 21(e) is different from the individual energy
distribution: the former is triangular while the latter is rectangular. For µ˜Rµ˜R and µ˜Lµ˜L, the
Eaa distributions are localized so that the pronounced cusp is easy to identify. For W
+W−,
however, the Eaa distribution is widespread.
In order to further understand the singular structure, we examine four representative
configurations in terms of (cos θ1, cos θ2), where θ1 and θ2 are the polar angle of a1 and a2 in
the rest frame of their parent particles B1 and B2, respectively. The correspondence of each
corner to a singular point is as follows:
1D configuration maa mrec Eaa EXX
(i)
a2⇐= B2←− e
+e−• B1−→ a1=⇒ max min max min
(ii)
a2=⇒ B2←− e
+e−• B1−→ a1⇐= cusp max min max
(iii)
a2=⇒ B2←− e
+e−• B1−→ a1=⇒ min cusp cusp cusp
(iv)
a2⇐= B2←− e
+e−• B1−→ a1⇐= min cusp cusp cusp
(4.6)
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4.2.2 The effects of acceptance cuts
In a realistic experimental setting, the previously discussed kinematical features may be
smeared, rendering the cusps and endpoints less effective for extracting the mass parameters.
We now study the effects of the acceptance cuts.
We first explore the effects due to a missing transverse momentum (/pT ) cut, which is
essential to suppress the dominant SM background of e+e− → e+e−µ+µ− with the outgoing
e+e− going down the beam line and not detected. Obviously, the /pT cut removes some events,
reducing the event rate. In addition, the /pT cut does not apply evenly over the distribution.
The positions of the cusp and endpoints can be shifted in some cases.
In Fig. 22, we show the effects of a /pT cut on the distributions of mµµ, mrec, cos Θ, Eµ, and
Eµµ. We normalize each distribution by the total cross section without other kinematic cuts.
First, the mµµ distributions with various /pT cuts are shown in Fig. 22(a) for
√
s = 500 GeV
and in Fig. 22(f) for
√
s = 350 GeV. The mµµ cusp in the higher c.m. energy case does
not present a notable feature while the lower energy case with
√
s = 350 GeV has a more
pronounced cusp shape. With a /pT > 10 GeV cut, the maa distribution retains its triangular
shape, but starts to lose the true cusp and maximum positions. The shift is a few GeV.
If /pT > 20 GeV, the sharp cusp is smeared out and the m
max
µµ position is shifted by about
10 GeV. In both cases, the mminµµ remains intact. The mrec distribution in Fig. 22(b), on the
contrary, keeps its triangular shape even with a high /pT cut. It is interesting to note that
the /pT cut shifts the m
min
rec and m
max
rec while keeping the m
cusp
rec position fixed. Figure 22(e)
presents the distribution of the summed energy of the two visible particles, which are still
triangular after the /pT cut. The cusp position is retained, but the minimum and maximum
positions are shifted.
We note that /pT cut does not affect the positions of the variables m
min
µµ , m
cusp
rec , and E
cusp
µµ
appreciably, which all correspond to the kinematical configurations (iii) and (iv) in Eq. (17).
Here the two visible particles (a1a2) move in the same direction, and two invisible particles
(X1X2) move also in the same direction, opposite to the a1a2 system. A /pT cut would not
change the system configuration. In contrast, for the configurations (i) and (ii) in Eq. (17),
a1 and a2 are moving in the opposite direction, and a cut on the X1X2 system alters the
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Figure 22: Case-A for e+e− → µ˜Rµ˜R → µ+µ− + /E. Effects due to various /pT cuts on (a)
mµµ, (b) mrec, (c) cos Θ, (d) Eµ, and (e) Eµ+ + Eµ− distributions without spin-correlation
and other realistic effects at
√
s = 500 GeV. Each distribution is normalized by the total
cross section. Panel (f) for the mµµ distribution is set to 350 GeV for comparison.
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individual particle as well as the configuration appreciably.
The least affected variable is the cos Θ distribution in Fig. 22(c). The | cos Θ|max positions
remain the same, and the /pT cut removes the data nearly evenly all over the distribution.
Figure 22(d) shows the Eµ distribution under the /pT cut effects. Similar to the case of cos Θ,
the /pT cut reduces the whole rate roughly uniformly, and the box-shaped distribution is still
maintained.
Figure 23 presents the five kinematic distributions with the effects of the Ea cut. The
normalization is done with the total cross section without any cut. Two mµµ distributions
are presented, one for
√
s = 500 GeV in Fig. 23(a) and the other for
√
s = 350 GeV in
Fig. 23(f). Both retain its maximum position after the Ea cut. However, the mµµ cusp
position is shifted by a sizable amount, approximately 10 GeV for Ea > 15 GeV cut at
√
s = 350 GeV. This behavior is the same for the Eµµ distribution in Fig. 23(e). The
mrec distribution in Fig. 23(b) behaves oppositely: the maximum and cusp positions are
shifted while the minimum position is retained. Therefore, the Ea cut does not change the
one-dimensional configuration (i) of Eq. (4.6).
The cos Θ distributions under the Ea cuts are shown in Fig. 23(c). The locations of
| cos Θ|max remain approximately the same, but the sharp cusps are reduced somewhat.
Finally the Ea distribution in Fig. 23(d) shows the expected shift of its minimum into the
lower bound on Ea. Note that some data satisfying Ea > E
cut
a are also cut off, since the Ea
cut has been applied to both of the final leptons. In summary, the acceptance cut distorts
the kinematic distributions, and shifts the singular positions. When we extract the mass
information from the endpoints, these cut effects must be properly taken into account.
4.2.3 Mass measurements with realistic considerations
4.2.3.1 Backgrounds and simulation procedure For our signal of e+e− → µ+µ−+/E,
there are substantial SM backgrounds. The main irreducible SM background is W boson
pair production, e+e− → W+W− → µ+νµµ−ν¯µ. The next dominant mode is ZZ production,
e+e− → ZZ → µ+µ−νiν¯i where νi denotes a neutrino of all three flavors. The W+W−
background is larger than the ZZ background by a factor of about 20. In the following
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Figure 23: Case-A for e+e− → µ˜Rµ˜R → µ+µ− /E. Effects due to various Ea cuts on the (a)
mµµ, (b) mrec, (c) cos Θ, (d) Eµ, and (e) Eµ+ + Eµ− distributions without spin-correlation
and other realistic effects at
√
s = 500 GeV. Each distribution is normalized by the total
cross section without any other acceptance cut. Panel (f) for the mµµ distribution is set to
350 GeV for comparison.
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numerical simulation, we include the full SM processes for the final state µ+µ−νν¯.
Another substantial SM background is from e+e− → e+e−µ+µ− where the outgoing e+
and e− go down the beam pipe and are missed by the detectors. It is mainly generated by
Bhabha scattering with the incoming electron and positron through a t-channel diagram.
This background could be a few orders of magnitude larger than the signal. However, a
cut on the missing transverse momentum can effectively remove it. The maximum missing
transverse momentum in this background comes from the final electron and positron, each
of which retains the full energy (
√
s/2 each) and moves within an angle of 1◦ with respect
to the beam pipe (at the edge of the end-cap detector coverage). As a result, most of these
background events lie within
(/pT )beam line e+e− . 3× 250 GeV × sin (1◦) ' 15 GeV. (4.7)
We thus design our basic acceptance cuts for the event selection
Basic cuts: Ea ≥ 10 GeV, /pT ≥ 15 GeV, (4.8)
| cos θcm` | ≤ 0.9962, maa ≥ 1 GeV, mrec ≥ 1 GeV.
The angular cut on θcm` requires that the observed lepton lies within 5
◦ from the beam
pipe. This angular acceptance and the invariant mass cut on the lepton pair regularize
the perturbative singularities. We also find that the /pT cut removes the background from
e+e− → e+e−τ+τ− [109].
In principal, the full SUSY backgrounds should be included in addition to the µ˜R and
µ˜L signal pair production. There are many types of SUSY backgrounds. The dominant ones
are the production of χ˜01χ˜
0
j≥2 followed by the heavier neutralino decay of χ˜
0
j≥2 → `+`−χ˜01.
However, their contributions are negligible with our mass point and event selection.
At the ILC environment, it is crucial to consider the other realistic factors in order
to reliably estimate the accuracy for the mass determination. These include the effects of
ISR, beamstrahlung [110] and detector resolutions. For these purposes, we adopt the ILC-
Whizard setup [111], which accommodates the SGV-3.0 fast detector simulation suitable for
the ILC [116].
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4.2.3.2 Case-A: µ˜Rµ˜R pair production For the mass spectrum in Case-A, Fig. 24
presents a full simulation of the five kinematic distributions at
√
s = 500 GeV with the
basic cuts in Eq. (4.8). The solid (red) line denotes our signal of the resonant production of
a µ˜Rµ˜R pair. The dashed (blue) line is the total distribution including our signal and the
SM backgrounds.
The mµµ distribution from our signal in Fig. 24(a) does not reveal the best feature of
the antler process. Its cusp is not very pronounced and its maximum is submerged under
the dominant Z pole. As discussed before, this is because the c.m. energy of 500 GeV is too
high compared with the smuon mass. On the contrary, the mrec distribution in Fig. 24(b)
separates our signal from the SM backgrounds well. A sharp triangular shape is clearly seen
above the SM background tail. This separation is attributed to the weak scale mass of the
missing particle X. If X were much lighter such as MX ' 10 GeV, the cusp position in the
mrec distribution of the signal would be shifted to a lower value and thus overlap with that
of the large W+W− background.
Figure 24(c) presents the cos Θ distributions with the W+W− background and the µ˜Rµ˜R
signal. However, the highest point of cos Θ (the cusp location) is shifted from the location
of the | cos Θ|max in Table 18, by about 2 ∼ 3%. This is from the kinematical smearing due
to ISR and beamstruhlung effects.
Figure 24(d) shows the muon energy distribution, which consists of two previously box-
shaped distributions. Our signal distribution, which is expected to be flat for a scalar
boson, is distorted by ISR. The SM background, mainly the W+W− background, shows
a more tilted distribution, which has additional effects from spin correlation. The reason
for the tilted distribution toward higher Eµ is that the W
+W− production has the largest
contribution from the production of W−LW
+
R mediated by a t-channel neutrino [113]. Here
W−L (W
+
R ) denotes the left-handed (right-handed) negatively (positively) charged W boson.
W−L has the left-handed coupling of `
−
L -ν¯R-W
−
L so that the decayed `
−
L moves along the parent
W− direction and the ν¯ in the opposite direction. The `− tends to have higher energy.
Even though the Eµ distribution is not flat both for the signal and the backgrounds, their
maximum positions are the same as predicted in Table 18. However, the minimum position
for the W+W− distribution is below the acceptance cut while the minimum for the µ˜Rµ˜R
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Figure 24: Case-A for e+e− → µ˜Rµ˜R → µ+µ− /E. Basic acceptance cut on the (a) mµµ,
(b) mrec, (c) cos Θ, (d) Eµ, and (e) Eµ+ +Eµ− distributions with spin-correlation and other
realistic effects. The c.m. energy is set to
√
s = 500 GeV for all distributions. The solid
(red) line denotes our signal of the resonant production of a µ˜R pair. The dashed (blue) line
is the total event including our signal and the SM backgrounds.
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signal is approximately the same as the cut. The measurement of these minima becomes
problematic. As a result, the other kinematic observables discussed here are essential in the
measurement of these masses.
Finally Figs. 24(e) presents the energy sum of two visible particles. The distribution
for our signal is triangular and separated from the SM backgrounds. Even in the full and
realistic simulation, the cusps and endpoints of the signal are very visible. In fact, the signal
part of the distribution takes a very similar form to that of mrec.
Understanding those kinematic distributions of our signal is of great use to suppress the
SM background. For example, we apply an additional cut of
mrec > 350 GeV, (4.9)
and present the distributions of the same five kinematic variables in Fig. 25. Our signal,
denoted by the solid (red) lines, remains intact since mminrec = 408 GeV for µ˜Rµ˜R. On the
other hand, a large portion of the SM background is excluded. The antler characteristics of
our signal emerge in the total distributions. We can identify all of the cusp structures.
4.2.3.3 Case-B: production of µ˜Rµ˜R and µ˜Lµ˜L We now consider the more complex
Case-B, where three different antler processes (µ˜Rµ˜R, µ˜Lµ˜L, and W
+W−) are simultaneously
involved. In Fig. 26, we present five distributions for Case-B at
√
s = 500 GeV. Here, the
mrec > 350 GeV cut has been applied to suppress the main SM backgrounds from W
+W−.
The solid (red) line is the µ˜Rµ˜R signal, the dotted (purple) line is from µ˜Lµ˜L. Finally, the
dashed (blue) line is the total differential cross section including our two signals and the SM
backgrounds. Note that the total rate for µ˜Rµ˜R is compatible with that for µ˜Lµ˜L.
In Fig. 26(a), we show the mµµ distributions. As expected from the previous analyses,
the µ˜Rµ˜R signal leads to a cusp structure, while µ˜Lµ˜L and W
+W− do not due to the specific
mass and energy relations. On the contrary, the mrec distribution for µ˜Rµ˜R denoted by the
solid (red) curve and that for µ˜Lµ˜L by the dotted (purple) curve do show a triangle: see
Fig. 26(b). The SM background is well under-control after the stringent cuts. The challenge
is to extract the hidden mass information from the observed overall (dashed blue) curve as
a combination of the twin peaks. It is conceivable to achieve this by a fitting procedure
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Figure 25: Case-A for e+e− → µ˜Rµ˜R → µ+µ− /E. The effect of an additional cut of
mrec > 350 GeV on the (a) mµµ, (b) mrec, (c) cos Θ, (d) Eµ, and (e) Eµ+ +Eµ− distributions
with spin-correlation and other realistic effects. The c.m. energy is set to
√
s = 500 GeV for
all distributions. The solid (red) line denotes our signal of the resonant production of a µ˜R
pair. The dashed (blue) line is the total differential cross section including our signal and
the SM backgrounds.
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based on two triangles. Instead, as done below, we demonstrate another approach by taking
advantage of the polarization of the beams.
Figure 26(c) presents the cos Θ distribution. The visible cos Θ cusp is usually attributed
to the lighter intermediate particles (µ˜R in our case). A larger | cos Θ|max comes from a
smaller mB with a given c.m. energy. We see that, with our parameter choice, µ˜Rµ˜R and
µ˜Lµ˜L lead to a similar value of | cos Θ|max, which differ by about 5%.
The Eµ distribution, with the energy endpoint in Fig. 26(d), is known to be one of
the most robust variables. Two box-shaped distributions are added to create a two-step
stair. Although ISR and beamstrahlung smear the sharp edges, the observation of the two
maxima should be quite feasible. On the other hand, the determination of Eminµ could be
more challenging if the acceptance cut for the lepton lower energy threshold overwhelms
Eminµ for µ˜Rµ˜R, and makes it marginally visible for µ˜Lµ˜L.
Finally, we present the energy sum distribution of two visible particles in Figs. 26(e). The
individual distribution from µ˜Rµ˜R and µ˜Lµ˜L production leads to impressive sharp triangles,
as those in Fig. 26(b). The challenge is, once again, to extract the two unknown masses
from the observed summed distribution. We next discuss beam polarization as a way to
accomplish this.
All of the distributions show that the two entangled new physics signals as well as the SM
backgrounds limit the precise measurements of the cusps and endpoints. The polarization
of the electron and positron beams can play a critical role in disentangling this information.
The current baseline design of the ILC anticipates at least 80% (30%) polarization of the
electron (positron) beam. By controlling the beam polarization, we can suppress the SM
backgrounds and distinguish the two different signals. For the µ˜Rµ˜R signal, our optimal
setup is Pe− = +80% and Pe+ = −30%, denoted by e−Re+L , while for the µ˜Lµ˜L signal we
apply Pe− = −80% and Pe+ = +30% denoted by e−Le+R.
Figure 27 shows how efficient the right-handed electron beam is at picking out the µ˜Rµ˜R
signal. For the suppression of the SM backgrounds, we apply the cut of mrec ≥ 350 GeV.
As before, the solid (red) line corresponds to µ˜+Rµ˜
−
R, the dotted (purple) line to µ˜
+
L µ˜
−
L . The
dashed (blue) line is the total differential cross section including our signal and the SM
backgrounds. The nearly right-handed electron beam suppresses the SM background as
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well as the µ˜Lµ˜L signal. Only the µ˜Rµ˜R signal stands out. The main SM background is
through the resonant W+W− production. The left-handed coupling of e-νe-W is suppressed
by the right-handed electron beam. Another interesting feature is that the Z-pole in the
mµµ distribution is also very suppressed. A significant contribution to the Z-pole is from
e+e− → νeν¯eZ process where Z is via WW fusion. Again the left-handed coupling of the
charged current is suppressed by the right-handed electron beam.
The advantage of the cusp is clearly shown here. Its peak structure is not affected.
However, the endpoints mminrec , E
min
µ , and E
max
µµ do overlap with the backgrounds, although the
right-handed polarization removes a large portion of the SM backgrounds. We also observe
that mmaxrec , E
max
µ , and E
min
µµ are not contaminated. In summary, the mass measurement of µ˜R
and χ˜01 through the cusps and endpoints is well benefitted by the right-handed polarization
of the electron beam.
The left-handed µ˜Lµ˜L signal is more difficult to probe since its left-handed coupling is
the same as the SM background. In Fig. 28, we set Pe− = −80% and Pe+ = +30% with
the additional cut of mrec > 350 GeV. From the mµµ distribution, we see that the Z-pole is
still strongly visible and the round mcuspµµ for the µ˜Lµ˜L signal is very difficult to identify. The
total mrec distribution in Fig. 28(b) does not show the sharp triangular shape of the antler
decay topology either. The individual triangular shapes of the µ˜Rµ˜R and µ˜Lµ˜L signals along
with the SM background are combined into a rather featureless bump-shaped distribution.
Although there is a peak point, it is hard to claim as a cusp. The cos Θ distribution in
Fig. 28(c) shows one of the most characteristic features of the antler topology. Two sharp
cusps appear, which correspond to the µ˜Lµ˜L signal.
The total Eµ distribution in Fig. 28(d) does not provide quite a clean series of rectangular
distributions. The mixture of different contributions from µ˜Rµ˜R, µ˜Lµ˜L and W
+W− along
with the smearing makes reading the maximum points more difficult. The Eminµ position of
the µ˜Lµ˜L signal, which is near the kinematic cut, is mixed with the SM backgrounds and
the µ˜Rµ˜R signal. Finally, the total Eµµ distribution loses the triangular shape of the µ˜Lµ˜L
signal: see Fig. 28(e). Nevertheless the peak position coincides with the cusp position for
both energy sum distributions. We can identify them with the cusps.
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4.2.4 The mass measurement precision
In order to estimate the achievable precision of a measurement of the masses in the
presence of realistic effects, we analyze the distributions we have discussed here using the
log-likelihood method based on Poisson statistics. A benefit of a log-likelihood analysis is
that it compares the full shape of the distribution, not just the position of the cusps and
endpoints which, as we have seen, can be smeared and even moved due to realistic collider
effects. For our log-likelihood calculation, since we have shown that the background can be
almost totally removed by appropriate cuts, we focus on comparing one signal to another
with different masses for the smuon and neutralino.
We calculate the log-likelihood as
LL(N ; ν) = 2
∑
i
[
Ni ln
(
Ni
νi
)
+ νi −Ni
]
(4.10)
where νi is the expected number of events in bin i with the masses set according to Case-A
and Ni is the number of events expected in bin i for the alternate mass point. For each
distribution, we use 50 bins. We take the integrated luminosity to be 100 fb−1 and find that
the number of signal events is sufficiently large that the probability distribution of the log-
likelihood approximates well a χ2 distribution. We then find that the 95% confidence level
value for each log-likelihood is LL95% = 67.5. We scan over the masses of the smuons and
neutralinos in steps of 0.25 GeV, calculate the log-likelihood for each mass point, and plot the
contour where it is equal to 67.5 in Fig. 29 for four kinematical variables assuming Case-A.
These are the 95% confidence lines for each kinematical variable considered separately.
Considering the kinematics variables of mµµ (red), mrec (blue), cos Θ (green), and Eµ
(purple), we present the 95% C.L. allied contours in the parameter space of (∆mχ˜01 ,∆mµ˜R)
in Fig. 29. All the variables are roughly equally good at measuring the two masses, leading
to an accuracy of approximately ±0.5 GeV (for clarity of the presentation, we have left out
the contours for Eµµ and Erec).
We also find that our kinematical variables are very sensitive if we vary one mass pa-
rameter with the other fixed. However, the determination for the two masses is correlated,
as seen from Fig. 29 with a linear band rather than a closed ellipse in the plotted region.
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This is due to the fact that the cusps and endpoints depend on the masses mainly as a ratio
rather than independently, as can be seen in Eqs. (B.4), (B.7), and (B.9). The ellipse shape
of the contour will become manifest when extending to larger regions.
We have also considered the effect of combining these measurements in a joint test-
statistic including a calculation of the correlation between these variables. The magnitude
of the correlation is quantified by the ratio of the off-diagonal term to the diagonal term
of the covariance matrix. We found that the correlation among mrec, Eµ and cos Θ was
negligible (the off-diagonal terms of the covariance matrix was a few percent or smaller
compared to the diagonal terms), the correlation between mrec and Eµµ was small but non-
negligible (the off-diagonal term was approximately 8% of the diagonal terms), and Eµµ
and Erec were fully correlated as expected (the off-diagonal term was the same size as the
diagonal term). However, we did not find appreciable improvement in the precision of the
mass measurements by combining the log-likelihoods. This is due partly to the correlation
between these variables, partly to the differences in how the log-likelihood depends on each
of these variables, and partly to the properties of the χ2 distribution when test statistics
with a large number of degrees of freedom are combined as we briefly explain in Appendix
C.
4.3 MASSIVE VISIBLE PARTICLE CASE: CHARGINO PAIR
PRODUCTION
It is quite likely that the DM particles will be accompanied by other massive observable
final states in the decay process. Although the nature of the cusps is similar to the previous
discussions, the characteristic features and their observability may be different. An important
example of this type of kinematics is in chargino pair production followed by the chargino’s
decay into a W and a χ˜01. This process is a typical antler process, which is different from the
smuon pair production in that the visible particle W is massive. In order to fully reconstruct
the kinematics of the W , we consider the case where the W boson decays hadronically. Our
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signal event selection is
e+e− → χ˜+1 χ˜−1 → W+W−χ˜01χ˜01 → jj, jj + χ˜01χ˜01. (4.11)
For illustrative purposes, we consider the Case-C in Table 17.
For the LHC searches of gaugino production, there is no sensitivity with the current data
yet [107] for the parameter choices under consideration, due to the disfavored kinematics of
the small mass difference and the large SM backgrounds. The upcoming Run II at 13 TeV
will likely reach the sensitivity to cover this parameter region [108]. It is thus exciting to
look forward to the LHC outcome. Should a SUSY signal be observed at the LHC, it would
strongly motivate the ILC experiment to further study the SUSY property and to determine
the missing particle mass as proposed in this work.
The distributions of the invariant mass of W+W− and χ˜01χ˜
0
1 follow the same characteristic
function where now the visible particle W is massive. The cusp and endpoint positions of
these distributions can be obtained from Table 20. The cos Θ distribution for the massive
visible particle case does not present a sharp cusp or endpoint. The EW distribution has
a minimum and a maximum as in the massless visible particle case. The distribution of
EWW = EW+ + EW− also accommodates the maximum, cusp and minimum. In Table 19,
we present the values of the cusps and endpoints for Case-C.
The reconstruction of the variables mWW , mrec, and EWW is straightforward in terms
of the jets and the known collision frame. In order to reconstruct EW and cos Θ, we split
the jets into two pairs and require each pair to reconstruct an invariant mass near mW .
We then note that due to the symmetry of the antler decay topology, the EW+ and EW−
distributions are equal to each other and the cos Θ distribution is symmetric with respect to
an interchange of W+ and W−. As a result, the EW and cos Θ distributions can be obtained
by averaging the distributions for each W .
In addition to our basic cuts outlined in Eq. (4.8), we have applied the following cuts
∆Rjj ≡
√
(∆ηjj)
2 + (∆φjj)
2 ≥ 0.4 , (4.12)
|mjj −mW | < 5ΓW , mrec > 120 GeV ,
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where the jet separation ∆Rjj is between all pairs of jets, mjj is only between pairs of jets
identified with the W , and the mrec > 120 GeV cut removes most of the remaining SM
background. Again, we adopt the standard simulation packages ILC-Whizard setup [111],
including the SGV-3.0 fast detector simulation suitable for the ILC [116].
In Fig. 30, the solid (red) lines denote our chargino signal. The dotted (blue) lines
give the total differential cross section including our signal and the SM backgrounds. The
SM backgrounds are computed through the full two-to-six processes e+e− → jjjjνν¯ which
includes the full spin correlation.
Figures 30(a) and (b) show the invariant mass distributions of four jets and two invisible
particles, respectively. Realistic effects smear the sharp mjjjj and mrec distributions signif-
icantly. In particular, the locations of mminjjjj and m
min
rec are shifted to lower values by about
20 GeV from the expected values with kinematics alone in Table 19. This is mainly due to
detector smearing. The mcuspjjjj and m
max
jjjj are respectively in agreement with the m
cusp
WW and
mmaxWW values in Table 19 but are significantly smeared. The m
cusp
rec and m
max
rec are larger by
about 10 GeV than the expected values. As commented earlier, the cos Θ distribution in
Fig. 30(c) does not have a sharp cusp even before including realistic effects.
Figure 30(d) presents the Ejj distribution which is significantly smeared and the sharp
edges are no longer visible due to jet energy resolution effects. The expected values of EminW
and EmaxW cannot be read from this distribution. In Fig. 30(e), we show the distribution
of Ejjjj. The expected triangular shapes can be seen but the sharp features are smeared
due to the realistic considerations. Their minimum and maximum positions are moved to
approximately 10 GeV lower and higher values, respectively, while the cusp position identified
with the peaks remains near the expected values.
We perform a log-likelihood analysis for the massive visible particle case and present
the 95% C.L. contours for the mass measurement of χ˜01 and χ˜
±
1 in Fig. 31. Remarkable
is that mrec leads to the most precise mass measurement, not the commonly considered
variable EW , especially on the missing particle mass. The EW measurement leads to about
∆mχ˜01 ' ±4 GeV precision while the mrec improves into ±2 GeV. This is due to the fact that
the cusp peak position is more stable with respect to detector smearing effects, compared
with the sharp energy endpoint. The intermediate chargino mass precision is about 2 GeV
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both by EW and mrec. The mass measurement precision is not as good as that of the smuon
pair production, because of inferior hadronic four jet measurement here.
To appreciate the improvement for the missing mass measurement with our antler ap-
proach, we have compared it with the standard “mono-photon” signal, e+e− → γ /E [103, 114].
Although this is the most model-independent method, the measurement of the endpoint in
a slowly-varying Eγ spectrum results in rather poor sensitivity. Besides the potential model-
dependence of the signal cross section, we find that the background e+e− → γνν¯ is about
100 times larger than the signal for the benchmark point of Ref. [114]. We have performed
the log-likelihood analysis and find that the best accuracy for the lightest neutralino mass
determination would be no better than about 50 GeV.
4.4 SUMMARY AND CONCLUSIONS
WIMP dark matter below or near the TeV scale remains a highly motivated option. To
convincingly establish a WIMP DM candidate, it is ultimately important to reach consistency
between direct searches and collider signals for the common parameters of mass, spin and
coupling strength [115].
Through the processes of antler decay topology at a lepton collider, e+e− → B1B2 →
X1a1 + X2a2, we studied a new method for measuring the missing particle mass (mX) and
the intermediate particle mass (mB ): the cusp method. With this special and yet common
topology, we explored six kinematic experimentally accessible observables, maa, mrec ≡ mXX ,
cos Θ, Ea, Eaa and Erec ≡ EXX . Each of these distributions accommodates singular struc-
tures: a minimum, a cusp and a maximum. Their positions are determined by the kinematics
only, i.e., the masses of B, a, X and
√
s, providing a powerful method to measure the particle
masses mB and mX . We presented the analytic expressions for their positions in terms of
their masses in Appendix B. We chose to study the accuracy for the mass determination at
a lepton collider with three benchmark scenarios in the framework of the MSSM, as listed
in Table 17, and named Case-A, Case-B, and Case-C.
Case-A is the simplest illustration where only a right-handed smuon (µ˜R) pair is kine-
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matically accessible. Case-B is slightly more complicated since both right-handed and left-
handed (µ˜L) smuon pairs can be produced. We consider the clean leptonic final state of
µ+µ−/E from the smuon decays. By presenting the signal kinematics, we first confirmed the
analytic expressions numerically in Fig. 21. We showed that, except for maa, due to an
anticipated kinematical reason, all the other variables yield the pronounced features of a
cusp distribution. Although the SM background e+e− → W+W− → µ+νµµ−ν¯µ also results
in the antler topology, the positions of the cusps are significantly different due to the mass-
less missing particles, the neutrinos. This difference is used to separate the SM background
very efficiently. Furthermore, we pointed out that the experimental acceptance cuts on the
observable leptons may change the positions and the shapes of the cusps in a systematic and
predictable way, as seen in Figs. 22 and 23.
Through a full simulation including spin correlation, the SM backgrounds, and other
realistic effects, we studied how much of the idealistic features of the cusps and endpoints
survive, and how well the cusp method determines the missing particle mass for a 500
GeV ILC. We found that the inevitable experimental effects of ISR, beamstrahlung and
detector resolutions not only distort the characteristic distributions but also shift the cusp
and endpoint positions, as seen in Figs. 24, 25 and 26. The beam polarization may be
used to effectively separate the final state µ˜Rµ˜R and µ˜Lµ˜L, as shown in Figs. 27 and 28.
To optimize our statistical treatment, we exploited the log-likelihood method based on the
Poisson probability function. The precisions for the mass measurement with various variables
in Case-A were shown in Fig. 29. The accuracy could reach approximately ±0.5 GeV for
smuon pair production, and was comparable for the muon energy endpoint Eµ and the cusp
in mrec, Eµµ or EXX .
In Case-C, we studied the chargino pair production with χ˜±1 → W±χ˜01. We focused on the
hadronic decay W → jj in order to effectively reconstruct the kinematics, and to explore the
detector effects on the hadronic final state. The poor energy resolution for the hadronic final
state of the W decay smears the cusp and endpoint quite significantly, as shown in Fig. 30.
We found that the mrec, Ejjjj and Erec cusps are more stable than the energy endpoint Ejj
against realistic experimental effects, and thus provided a more robust mass determination
reaching approximately ±2 GeV. In the previous section, we also made a comparison with
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the other proposed methods for determining the missing mass at a lepton collider. We see
the merits of our approach.
Under the clean experimental environment and well-defined kinematics, a future high en-
ergy lepton collider may take advantage of the antler decay topology and provide an accurate
determination for the missing particle mass consistent with the WIMP DM candidate.
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Figure 26: Case-B for e+e− → µ˜Lµ˜L, µ˜Rµ˜R → µ+µ− /E. The additional cut of mrec >
350 GeV is included. We show the (a) mµµ, (b) mrec, (c) cos Θ, (d) Eµ, and (e) Eµ+ + Eµ−
distributions with spin-correlation and other realistic effects. The c.m. energy is set
√
s =
500 GeV for all distributions. The solid (red) line corresponds to µ˜+Rµ˜
−
R, the dotted (purple)
line to µ˜+L µ˜
−
L . The dashed (blue) line is the total differential cross section including our signal
and the SM backgrounds.
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Figure 27: Case-B for e+e− → µ˜Lµ˜L, µ˜Rµ˜R → µ+µ− /E. Effects of an additional cut of
mrec > 350 GeV and polarizations Pe− = +80% and Pe+ = −30% on the (a) mµµ, (b) mrec,
(c) cos Θ, (d) Eµ, and (e) Eµ+ + Eµ− distributions with spin-correlation and other realistic
effects. The c.m. energy is set to
√
s = 500 GeV for all distributions. The solid (red) line
corresponds to µ˜+Rµ˜
−
R, the dotted (purple) line to µ˜
+
L µ˜
−
L . The dashed (blue) line is the total
differential cross section including our signal and the SM backgrounds.
90
 0
 0.5
 1
 1.5
 2
 2.5
 3
 0  20  40  60  80  100  120  140
d
σ
/d
m
µ
µ
 (
fb
/G
e
V
)
(a) mµµ (GeV)
e
+
 e
-
 → µ
+
 µ
-
 E/ , √s = 500 GeV
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 1.4
 1.6
 360  380  400  420  440  460  480  500
d
σ
/d
m
re
c
 (
fb
/G
e
V
)
(b) mrec (GeV)
e
+
 e
-
 → µ
+
 µ
-
 E/ , √s = 500 GeV
 0
 20
 40
 60
 80
 100
 120
-1 -0.5  0  0.5  1
d
σ
/d
c
o
s
 Θ
 (
fb
)
(c) cos Θ
 0
 0.5
 1
 1.5
 2
 2.5
 0  20  40  60  80  100  120
d
σ
/d
E
µ
 (
fb
/G
e
V
)
(d) Eµ (GeV)
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 1.4
 1.6
 0  50  100  150  200
d
σ
/d
(E
µ
+
 +
 E
µ
−
) 
(f
b
/G
e
V
)
(e) Eµ+ + Eµ− (GeV)
Figure 28: Case-B for e+e− → µ˜Lµ˜L, µ˜Rµ˜R → µ+µ− /E. Effects of an additional cut of
mrec > 350 GeV and polarizations Pe− = −80% and Pe+ = +30% on the (a) mµµ, (b) mrec,
(c) cos Θ, (d) Eµ, and (e) Eµ+ + Eµ− distributions with spin-correlation and other realistic
effects. The c.m. energy is set to
√
s = 500 GeV for all distributions. The solid (red) line
corresponds to µ˜+Rµ˜
−
R, the dotted (purple) line to µ˜
+
L µ˜
−
L . The dashed (blue) line is the total
event including our signal and the SM backgrounds.
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Figure 29: For Case-A for e+e− → µ˜Rµ˜R → µ+µ− /E, the 95% C.L. contours for the precision
of the mass measurement in the parameter space of (∆mχ˜01 ,∆mµ˜R). An additional cut of
mrec > 350 GeV on the distributions with spin-correlation and other realistic effects are
included. The c.m. energy is set to
√
s = 500 GeV for all distributions and the integrated
luminosity is 100 fb−1.
√
s Channel (mB,mX ,ma) (m
min
WW ,m
cusp
WW ,m
max
WW ) (m
min
rec ,m
cusp
rec ,m
max
rec )
500 χ˜+1 χ˜
−
1
(235, 139,mW ) (161, 171, 221) (279, 296, 338)
(EminW , E
max
W ) (E
min
WW , E
cusp
WW , E
max
WW ) (E
min
XX , E
cusp
XX , E
max
XX )
(81, 111) (162, 190, 221) (278, 309, 338)
Table 19: The values of various kinematic cusps and endpoints for the mass parameters in
the Case-C. All the masses and energies are in units of GeV.
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Figure 30: Case-C for e+e− → jj, jj + /E with an additional cut of mrec ≥ 120 GeV and
|mjj − mW | < 5ΓW . We show the (a) mjjjj, (b) mrec, (c) cos Θ, (d) Ejj, and (e) Ejjjj
distributions with spin-correlation and other realistic effects. The c.m. energy is set to
√
s = 500 GeV for all distributions. The solid (red) line denotes our signal of the resonant
production of a chargino pair. The dashed (blue) line is the total differential cross section
including our signal and the SM backgrounds.
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Figure 31: Case-C for e+e− → jj, jj + /E, the 95% C.L. contours for the precision of the
mass measurement in the parameter space of (∆mχ˜01 ,∆mχ˜±1 ). The additional cuts of mrec ≥
120 GeV and |mjj −mW | < 5ΓW are included in the distributions as well as spin-correlation
and other realistic effects. The c.m. energy is set to
√
s = 500 GeV for all distributions and
the integrated luminosity is 100 fb−1.
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5.0 CONCLUSIONS
After the Higgs boson discovery and initial measurements for the SM-like properties at
the LHC Run I and Run II, it is imperative at the HL-LHC and future colliders to improve
the precision and tackle the more challenging channels with Higgs production and the rare
Higgs decays. In summary of this dissertation, I presented my study on the Higgs properties
and measurements at current collider such as the LHC, and proposed future linear colliders.
We proposed possible improvements to Higgs measurements both for its gauge and Yukawa
couplings.
In Chapter 2, I presented our study on the HZZ coupling measurement through the
ZZ-fusion process at a linear collider. It accomplishes a promising sensitivity for this gauge
coupling in the Higgs sector. The total inclusive cross section can be measured to 2.5%
at 1 TeV. Combined with the Higgsstrahlung channel at 250 GeV, the measurement of
the cross section is further improved to 1.5%. This further helps constrain the Higgs total
width measurement at colliders. The achieved sensitivity on HZZ coupling at 1 TeV also
allows for distinguishing contributions from different higher-dimensional operators that have
different energy dependences. Taken as an example two dimension-6 operators that are
hardly constrained at the LHC, we showed that our study realizes as large as 50% relative
improvement for the simultaneous constraints on these two operators, compared to the Zh-
associated production channel alone.
In Chapter 3, being inspired to improve our understanding on the small Yukawa couplings
of the Higgs sector, we proposed the challenging measurement of the Higgs decay to light
jets at the LHC. The result is largely limited by the dominant systematic errors which we
treat in detail with parametric fitting. The estimated sensitivity by the end of the HL-LHC
run for the SM signal is 1σ. Accounting for the tagging efficiencies of different jet flavors,
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combining with previous studies on h → bb¯, cc¯ channels, we are able to derive additional
bounds from this di-jet decay measurement of the Higgs. The bounds correspond to 4 and 15
times the SM values for BR(h→ gg) and BR(h→ cc¯), respectively, at 95% CL. Bounds on
lighter Yukawa couplings can also be extracted and would provide independent constraints
in a global fitting scheme. In optimizing our kinematics for the study, we proposed a “di-jet-
vicinity” Higgs mass reconstruction method that improves the signal sensitivity and stays
robust under simulated pile-up effects.
In Chapter 4, we investigated the missing mass determination possibilities at a linear
collider. We tested a newly proposed cusp method on mass measurements for the antler
processes. We studied several proposed kinematic variables that contain prominent cusps
and end points structures in the distribution and did combined likelihood analysis. With
the three benchmark scenarios we investigated, we indeed achieved comparable or better
sensitivities compared to other methods. The accuracy reaches approximately ±0.5 GeV
for smuon pair production. In the case of chargino pair production with χ˜±1 → W±χ˜01
and W → jj, we found that our cusps are more stable than the energy endpoints against
realistic experimental effects, and thus provided a more robust mass determination reaching
approximately ±2 GeV sensitiviy on the chargino and neutralino masses.
In conclusion, the SM theory and current observations of the Higgs so far are consistent,
but there is considerable room and motivation for new physics to appear as deviations
in the Higgs sector. In many new theoretical scenarios such deviations would arise at a
potentially detectable level either at LHC or possible future lepton colliders. Measurement
of the Higgs couplings is thus a key tool in establishing departures from the SM, and in
characterizing and distinguishing different new physics scenarios. Additionally, direct tackle
of mass measurement and coupling determination for generic processes at colliders guide us
in new physics collider searches.
For detection, both the current running hadron collider LHC, and lepton colliders have
their advantages and disadvantages. Generally, the LHC or HL-LHC is our energy frontier
in the foreseeable future, and it is an optimal machine to produce and give hints on new
resonances. At the same time, it continues to improve our existing Higgs measurement.
On the other hand at a lepton collider, with well-defined initial state and relatively clean
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QCD background, higher precision measurement for rare Higgs processes will be possible,
and precision measurement for more generic new physics processes can be carried out once
above the production threshold.
Our study considered rare production and decay processes of the Higgs boson, and im-
proved the Higgs coupling measurements with current and future colliders. With these
improvements, the results can be interpreted as constraints on parameter space on specific
model types. Model independently, we extrapolate the improved measurements on Higgs
gauge coupling to constraints on wilson coefficients of gauge invariant dimension-6 opera-
tors.
The discovery and confirmation of the standard model have been a triumphant result
of the close cooperation and parallel development between theory and experiments over
the past few decades. The standard model has been a successful theory and it continues
to be tested in collider experiments. At the same time it is challenged to accommodate
and understand new phenomena ranging from neutrino masses, the inclusion of gravity, the
history of the early universe, the symmetries or symmetry breaking that are present, and the
existing astrophysical evidence of dark matter etc. To explore and to understand all these
rich phenomena, the efforts will go on in our collider experiments to look for deviations from
the current theory, in collecting evidences from astronomical observations, and in testing
theories that may guide us towards the next revelation. Among the efforts, the Higgs sector
of the theory, which solves the myth of the broken electroweak symmetry and pieces together
the current standard model, will continue to be scrutinized and may provide us answers as
to how the symmetry breaking happens in a larger picture.
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APPENDIX A
CONSIDERATION OF ONE-PHOTON SENSITIVITY
As discussed in the main text, we find it useful to simply veto events with a single,
isolated photon in addition to an electron-positron pair. This cut reduces the potentially
large background arising from Bhabha scattering plus radiation which can pass the invariant
mass and pT cuts. This cut also reduces signal events where the Higgs decays to a single
photon plus invisible particles, or a single photon plus additional particles which are lost
down the beam pipe. In general we do not expect this to be a relevant effect since our
final sensitivity for the model-independent cross section is 2.5% while the Standard Model
processes which might contribute to such events are at the level of 10−3 branching fractions
or less. Only order of magnitude enhancements to these channels from exotic physics would
be relevant to our analysis and such enhancements are constrained by exclusive searches at
the LHC and in future at the ILC.
Nevertheless, there may be some exotic model which would produce an observable effect
in the inclusive measurement which is not ruled out by other searches. We note that if one
wishes to preserve sensitivity to exotic channels which could produce a single isolated photon,
it is possible to institute cuts which will remove almost all of the background while preserving
a substantial fraction of any such Higgs decays. We find that, in the reconstructed Higgs rest
frame, the isolated photon in the background sample is not isotropically distributed. The
background photon usually appears collinear to the Higgs boost direction, and/or confined
to be near the radial plane containing the beam and the Higgs boost vector. This is because
the photon is recoiling against the e−e+ pair with a possible boost along the beam axis
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due to additional unseen photons. We also find that measurement errors on the photon are
typically larger in the polar angle than in the azimuthal direction. Thus one can largely
remove this background by cutting on the polar (with respect to the Higgs boost) and
azimuthal (measured with respect to the Higgs-beam plane) angles of a single extra photon
in the Higgs rest frame. We find the problematic background can be reduced to the level of
a few fb while preserving ∼ 60% of any hypothetical Higgs decay signal, 1 since the photon
from such a decay would be isotropically distributed in the Higgs rest frame. Hence any new
physics signal large enough to affect the inclusive rate would still be observable, although
underestimated.
We note that a cut similar in spirit to this one is already present in the widely used
analysis of Higgsstrahlung-inclusive measurement at the 250 GeV ILC [50]. In that case
additional single photons were removed by a “pT balance” cut when the pT of an isolated
photon accounted for the bulk of the e−e+ pair pT . However, since this more complicated
approach does not materially change our results we present the simpler case of simply vetoing
the single isolated photon as described in the main text.
1This fraction is relative to other decay channels not affected by the cut, since other cuts will affect all
decays equally.
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APPENDIX B
CUSPS AND ENDPOINTS OF THE ANTLER PROCESS
The kinematics is conveniently expressed by the rapidities ηj (equivalent to the speed
β = |~p |/E), which specifies the four-momentum of a massive particle j from a two-body
decay of i→ j+k in the rest frame of the parent particle i as p(i)j = mj
(
cosh ηj, pˆ
(i)
j sinh ηj
)
.
Given two unknown masses in the process, the kinematics of Eq.(4.2) is determined by three
rapidities of the intermediate particle B, the visible particle a, and the missing particle X,
two of which are independent, given by
cosh ηB =
√
s
2mB
, cosh ηa =
m2B −m2X +m2a
2mamB
, cosh ηX =
m2B −m2a +m2X
2mXmB
. (B.1)
Note that in the massless visible particle case (ma = 0) the rapidity ηa goes to infinity.
As discussed in general in reference [164], assuming a smooth square amplitude, kinematic
singular points can arise in general when there are points with vanishing Jacobians when we
project from the full phase space to certain observable spaces. The singular points show up
as kinematic end points or cusps in the distribution, which serve as robust observables to
measure unknown parameters in the kinematics.
In the case of antler topology, we find the distributions of the following six kinematic
observables informative:
maa, mrec, cos Θ, Ea, Eaa, EXX . (B.2)
(i) maa distribution: maa is the invariant mass of the two visible particles. This distribution
accommodates three singular points: a minimum, a cusp, and a maximum. Their positions
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R1 : ηB < ηa2 R2 : ηa2 < ηB < ηa R3 : ηa < ηB
mminaa 2ma 2ma cosh(ηB − ηa)
mcuspaa 2ma cosh(ηB − ηa) 2ma cosh ηB
mmaxaa 2ma cosh(ηB + ηa)
Table 20: The cusp and endpoints of the invariant mass distribution maa in the three
regions of c.m. energy and parameter space.
are not uniquely determined by the involved masses. They differ according to the relative
scales of masses. There are three regions [96]
R1 : ηB < ηa
2
, R2 : ηa
2
< ηB < ηa, R3 : ηa < ηB. (B.3)
The cusps and endpoints in the three regions are given in Table 20. The minimum endpoint
is the same for R1 and R2 but different for R3. The cusp is the same for R2 and R3, which
is different for R1. The maximum endpoints are the same for all three regions. The absence
of a priori knowledge of the masses gives us ambiguity among R1, R2, and R3. For example
we do not know whether the measured mminaa is 2ma or 2ma cosh(ηB − ηa).
In the massless visible particle case, however, three singular positions are uniquely de-
termined as
mminaa = 0 , (B.4)
mcuspaa = mB
(
1− m
2
X
m2B
)
e−ηB ,
mmaxaa = mB
(
1− m
2
X
m2B
)
eηB .
According to the analytic function for the maa distribution [95], the maa cusp is sharp only
when the B pair production is near threshold, i.e., when 0.443
√
s < mB < 0.5
√
s.
(ii) mrec distribution: The invariant mass of two invisible particles, denoted by mrec, can be
measured through the relation
m2rec ≡ m2XX = s− 2
√
s (Ea1 + Ea2) +m
2
aa. (B.5)
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The mrec distribution is related to the invariant mass distribution of massive visible particles
because of the symmetry of the antler decay topology. It also has three singular points,
mminrec , m
cusp
rec , and m
max
rec . Their positions are as in Table 20, with replacement of ma → mX
and ηa → ηX .
(iii) Ea distribution: The energy distribution of one visible particle in the lab frame also
provides important information about the masses. If the intermediate particle B is a scalar
particle like a slepton, its decay is isotropic and thus produces a flat rectangular distribution.
Two end points, Emina and E
max
a , are determined by the masses:
Emax,mina =
√
s
4
(
1− m
2
X −m2a
m2B
)(
1± βB
√
1− 4m
2
am
2
B
(m2B +m
2
a −m2X)2
)
, (B.6)
where βB is defined by
βB =
√
1− 4m
2
B
s
. (B.7)
Note that if mB 
√
s/2 or mX ≈ mB, then Emina can be very small, even below the
experimental acceptance for observation.
(iv) Eaa distribution: The distribution of the combined energy of the a1a2 system, Eaa ≡
Ea1 + Ea2 , is triangular, leading to three singular positions, E
min
aa , E
cusp
aa , and E
max
aa , which
are in terms of masses
Emax,mixaa = 2ma cosh(ηa ± ηB), (B.8)
Ecuspaa = 2ma cosh ηa cosh ηB.
For ma = 0, we have simpler expressions as
Emax,mixaa
∣∣
ma=0
=
√
s
2
(
1− m
2
X
m2B
)
(1± βB), (B.9)
Ecuspaa |ma=0 =
√
s
2
(
1− m
2
X
m2B
)
.
(v) EXX distribution: Although the energy of one invisible particle is not possible to measure,
the sum of two invisible particle energies can be measured through
EXX ≡ EX1 + EX2 =
√
s− Eaa. (B.10)
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The distribution of EXX is a mirror image of the Eaa distribution, which is triangular with
a sharp cusp.
(vi) cos Θ distribution: Here Θ is the angle between the momentum direction of one visible
particle (say a1) in the c.m. frame of a1 and a2 and the c.m. moving direction of the pair
in the lab frame. For ma 6= 0, the cos Θ distribution does not present a sharp cusp or
endpoint [96]. If ma = 0, however, the distribution has a simple functional form as
dΓ
d cos Θ
∣∣∣∣
ma=0
∝

1
sin3 Θ
, for |cos Θ| < βB,
0, otherwise,
(B.11)
which accommodates two pronounced peaks where the cusp and the maximum endpoint
meet at cos Θ = ±βB.
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APPENDIX C
LOG-LIKELIHOOD COMBINATION
We have found that combining the log-likelihoods for our kinematic variables did not
significantly improve the achievable accuracy of the mass measurement. The reason for this
was a combination of the correlation between the variables, the slight differences in how the
log-likelihood depended on each kinematic variable, and how the combination is affected by
having a large number of bins in each log-likelihood, as we will now explain.
We have found that the log-likelihood for the variables mµµ, mrec, Eµ, Eµµ and Erec
depends approximately quadratically on the mass difference ∆m, where ∆m is defined to be
along the diagonal line with negative slope in Fig. 29,
LL = αkv (∆m)
2 , (C.1)
where αkv is a constant to be determined for each kinematic variable. We will consider the
optimal situation where the kinematic variables are completely uncorrelated and αkv is the
same for each kinematic variable and set αkv = α. In this case, the joint test statistic is the
sum of the N individual test statistics
tN = Nα (∆m)
2 . (C.2)
If the number of bins n is large (which is a good approximation in our case with 50 bins
for each log-likelihood), then the individual log-likelihoods and the joint test-statistic are
well-approximated by Gaussian distributions with mean µN = Nn and standard deviation
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σN =
√
2Nn, where the individual log-likelihoods have µ1 = n and σ1 =
√
2n. This means
that the joint test-statistic gives a 2σN measurement in the mass difference as
Nα (∆m)22σN = Nn+ 2
√
2Nn (C.3)
while that for an individual log-likelihood has N = 1. Solving this for ∆m gives
(∆m)2σN =
√
n
α
+
2
α
√
2n
N
. (C.4)
If we take the ratio of this with an individual log-likelihood measurement, we have
(∆m)2σN
(∆m)2σ1
=
√
n+ 2
√
2n/N
n+ 2
√
2n
, (C.5)
where α has dropped out. We can use this formula to note a few things. First of all, we see
that the maximum improvement in the sensitivity achievable asymptotically approaches 0 for
the large number of bin n limit, independent of the number of log-likelihoods N combined in
this way. Second, for n = 50 bins, the maximum improvement in the combined measurement
sensitivity is 14.5% in the limit that the number of combined log-likelihoods, N , approaches
infinity. Third, if we only combine N = 2 or 3 log-likelihoods, the maximum sensitivity
improvement is only 4.3% and 6.2%, respectively. This is in the best case scenario where all
the variables are uncorrelated and each αkv is identical. In the realistic cases in this paper,
the sensitivity improvement from combination is no more than a few percent.
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